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Abstract
In experimental designs, classical D-optimal design methods rely on homoscedastic and independent error assumptions. In this study, a spatial
regression model with heteroscedastic errors was considered and proposed using weighted D-optimal designs as a result. The study proposed
a weighted D-optimal design framework that explicitly incorporates spatial epistemic uncertainty derived from an Integrated Nested Laplace
Approximation – Stochastic Partial Differential Equation (INLA–SPDE) model. Spatial dependence through a latent Gaussian field represented by
the SPDE approach. Epistemic uncertainty is measured using the posterior variance of the spatial field and is integrated into the D-optimality
criterion through location-specific weights. This weighting scheme prioritizes candidate locations with higher predictive uncertainty, thereby
targeting regions where additional observations are expected to yield the greatest information gain. The proposed method is applied to spatial
data onmalaria prevalence among children under 5 years inNigeria. Results showed substantial spatial heterogeneity in predictive variance, with
higher uncertainty concentrated in regions with sparse observations. The weighted D-optimal design allocates sampling points preferentially to
these high-uncertainty areas, in contrast to classical D-optimal designs that tend to favour well-sampled regions. Ranking and priority analyses
further confirm the internal consistency and transparency of the proposed approach. Overall, the study demonstrates that incorporating spatial
epistemic uncertainty into D-optimal design leads to more informative and efficient sampling strategies for spatial regression models under
heteroscedasticity and non-normal errors.
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1. Introduction
In statistical modelling, optimal experimental design plays a vi-

tal role in selecting sampling locations that maximizes the infor-
mation content of data collected under limited resources [1, 2].
Among the widely used criteria, D-optimal design focuses on maxi-
mizing the determinant of the Fisher information matrix, thereby
minimizing the generalized variance of parameter estimates [3].
The assumptions of classical optimal design theory originated from
the work of Kiefer and Fedorov were built on independence, ho-
moscedastic and normally distributed error. However, in many
real-world applications, these assumptions are violated. Classical
D-optimality has been successfully applied in regression settings
under assumptions mentioned above; homoscedastic errors, inde-
pendent observations, and well-specified linear predictors. How-
ever, many real-world applications—particularly in environmen-
tal, demographic, and spatial studies—violate these assumptions
[4, 5]. The presence of heteroscedasticity, where the variance of
the error term varies with location or covariate level and non-
normal error distribution such as heavy-tailed or skewed residu-
als, challenges the efficiency and robustness of the traditional D-
optimal designs [6, 7, 8]. Spatial data often exhibit heteroscedastic-
ity, where error variance varies across locations, as well as nonnor-
mally distributed errors arising frommeasurement error, aggrega-
tion effects, or latent processes. In addition, spatial dependence in-
troduces structured uncertainty that is not adequately captured by
classical design frameworks. [9] developed D-optimal design in lin-
ear model with different heteroscedasticity structures; three cor-
rectionmethods were adopted fromweighted least squaremethod
for heteroscedasticity problem, and it was found that the correc-
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tion method tagged HCW1 performed better. The weighted D-
optimal designwas introduced inwhich appropriateweights are in-
corporated into the informationmatrix to reflect the varying preci-
sion of observations. Themethod of weighted least squares is com-
monly used to deal with heterogenous residual variances [10]. [11]
appliedweightedD-optimal design to 2 and 3 variableswith 2, 3 and
4 blocks and they compared the results with corresponding stan-
dard D-optimal designs in terms of the DN-efficiencies. Weighted
designs provide improved parameter estimation efficiency under
heteroscedastic conditions by emphasizing regions of higher in-
formation content [12]. Nevertheless, most existing weighted D-
optimal designs still rely on the assumption of independent obser-
vations and therefore do not capture the additional layer of com-
plexity introduced by spatial dependence among errors.

To address these limitations, recent advances in spatial statis-
tics have emphasized the role of stochastic modelling frameworks
such as Gaussian random fields and the Stochastic Partial Differen-
tial Equation (SPDE) approach, implemented via Integrated Nested
Laplace Approximation (INLA). These methods provide a compu-
tationally efficient way to obtain posterior distributions of spatial
processes and their associated uncertainties. In particular, they
enable the decomposition of predictive uncertainty into compo-
nents attributable to inherent variability and model uncertainty.
Despite these developments, limited attention has been given to in-
tegrating uncertainty decomposition into optimal design criteria,
especially in the presence of heteroscedastic and non-normally dis-
tributed errors. Most existing approaches either ignore spatially
varying uncertainty or treat it in an ad hoc manner, potentially
leading to suboptimal allocation of sampling effort.

Recent advances in spatial statistics emphasize the importance
of distinguishing between aleatoric uncertainty [13], which re-
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flects inherent random variability in the data-generating process,
and epistemic uncertainty, which arises from limited knowledge
about the underlying spatial process. While aleatoric uncertainty
is irreducible, epistemic uncertainty can be reduced through im-
proved sampling strategies. Despite its relevance, epistemic uncer-
tainty is rarely incorporated explicitly into optimal design criteria
for spatial regression models.

In many scientific and environmental investigations, data are
collected over spatially distributed regions where observations at
nearby locations tend to bemore similar than those far apart. Such
spatial dependence arises naturally in fields such as soil science,
agriculture, hydrology, epidemiology, and environmental moni-
toring. Ignoring this spatial structure may lead to inefficient pa-
rameter estimates, misleading inferences, and suboptimal experi-
mental designs. Consequently, there has been increasing interest
in developing optimal design strategies that explicitly account for
spatial correlation in themodelling process [14, 15]. Spatial regres-
sion models provide a natural extension of classical linear mod-
els by incorporating a spatial covariance structure into the error
term. In such models, the covariance between observations de-
pends on their spatial separation, often described by a paramet-
ric variogram or correlation function (e.g., exponential, Gaussian,
or Matérn). The inclusion of this spatial dependence modifies the
Fisher informationmatrix and consequently alters the criterion for
optimal design selection. A design that is optimal under indepen-
dence may perform poorly when spatial correlation is present, un-
derscoring the need for spatially informed design criteria.

Despite significant progress in both spatial statistics and optimal
design theory, limited attention has been given to the integration
of weighted D-optimal design with spatial regression models, es-
pecially under heteroscedastic and non-normal error structures.
This gap is particularly relevant in environmental and agricultural
research, where measurement variability and spatial correlation
coexist. There is therefore a strongmotivation to extend weighted
D-optimal designmethodologies to explicitly accommodate spatial
dependence and deviations from normality.

The present study develops aWeighted D-Optimal Design frame-
work for Spatial Regression Models with Heteroscedastic errors.
The proposed approach generalizes the conventional D-optimal
criterion by incorporating a spatial covariance matrix and a
variance-dependent weighting scheme, allowing for efficient pa-
rameter estimation under complex error structures. The perfor-
mance of the proposed design is evaluated and compared with con-
ventional D-optimal and spatially naive designs using real spatial
data. The weights are constructed from spatial epistemic uncer-
tainty. Using the Integrated Nested Laplace Approximation (INLA)
framework coupled with the Stochastic Partial Differential Equa-
tion (SPDE) approach, we obtain spatially resolved posterior vari-
ances that quantify epistemic uncertainty across the study region
[16, 17, 18]. These posterior variances are then incorporated into
the D-optimality criterion to guide the selection of informative
sampling locations.

The main contributions of this work are threefold. First, we
develop a unified framework that integrates heteroscedastic spa-
tial regression and optimal design. Second, we demonstrate how
INLA–SPDE posterior variance can be operationalized as epistemic
weights in a weighted D-optimal design. Third, we apply the pro-
posed methodology to spatial data from Nigeria, illustrating how
uncertainty-aware design leads to more efficient and informative
spatial sampling strategies compared with classical D-optimal de-
signs.

2. Material and method

2.1. Spatial regression Model with heteroscedastic rrrors
Let ysi denote the response observed at spatial location si for

i = 1, 2, · · · , n. The spatial regression model is specified as

ysi = xT
siβ + usi + εsi , (1)

where x(si) is a vector of observed covariates, β is the corre-
sponding vector of fixed-effect coefficients, and u(si) denotes a
latent spatial effect capturing structured spatial dependence. The
error term ε(si) is assumed to satisfy

ε(si) ∼ N
(
0, σ2

si

)
, (2)

allowing the error variance to vary across space. This formu-
lation explicitly accommodates heteroscedasticity, relaxing the
constant-variance assumption underlying classical regression and
optimal designmethods [3]. s is the spatial location; the covariance
of the errors is not σ2I but a spatial covariance:

Cov (ε) = C(si, sj), (3)

and the heteroscedastic variance is Var(εsi) = σ2
si .

The latent spatial effect u(si) is modelled as a Gaussian random
field with Matérn covariance structure. Following [16], the Gaus-
sian field is represented as the solution to a stochastic partial differ-
ential equation (SPDE), yielding a computationally efficient Gaus-
sianMarkov random field approximation defined on a triangulated
mesh over the study region.

Bayesian inference for the latent field, fixed effects, and hy-
perparameters is carried out using the R package with Integrated
Nested Laplace Approximation (INLA) framework [18]. INLA pro-
vides accurate posterior marginal approximations without re-
liance onMarkov chainMonte Carlomethods,making itwell suited
for large-scale spatial applications.

2.2. Predictive variance decomposition andweight construc-
tion

In spatial regression models, uncertainty in prediction arises
from two main sources: aleatoric and epistemic uncertainty. Dis-
tinguishing between these components is essential for construct-
ing weights in the proposed weighted D-optimal design.

Let Ys denote the response at spatial location s ∈ D. Under the
spatial model,

Ys = XT
s β + ωs + εs, (4)

whereXT
s β is the fixed effect component, ωs is the spatial ran-

dom field, and εs ∼ N(0, σ2
ε) is the measurement error.

The posterior predictive variance at location s, obtained via
INLA-SPDE, can be expressed as

Var(Ys | D) = E
[
σ2
ε | D

]
+ Var

(
XT

s β + ωs | D
)
. (5)

Thus, we define the aleatoric variance as

V s
a = E

[
σ2
ε | D

]
, (6)

and epistemic variance as

V s
e = Var

(
XT

s β + ωs | D
)
. (7)

The epistemic component captures uncertainty due to limited
data and spatial prediction, while the aleatoric component reflects
irreducible noise.

For each candidate design point si, we compute
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V si
e = Var(Ysi)− E

[
σ2
ε | D

]
, (8)

whereVar(Ysi) is the posterior predictive variance reported by
INLA. To incorporate uncertainty, a combinedweighting scheme is
used in the design criterion:

ωi =
V si
e

V si
a + V si

e
. (9)

This formulation ensures that locations with high epistemic un-
certainty receive larger weights and regions with predominantly
aleatoric noise are down-weighted.

Classical D-optimal design seeks tomaximize the determinant of
the Fisher information matrix,

ΦD = det
(
XTX

)
, (10)

implicitly assuming homoscedastic and independent errors. To
account for spatially varying uncertainty, a diagonalweightingma-
trix is introduced, with elements derived from normalized poste-
rior variances of the latent spatial field.

The weighted D-optimality criterion is defined as

ΦDw = det
(
XTWX

)
, (11)

where W = diag(ω1, ω2, · · · , ωn) and ωi are derived from
the variance decomposition. This modification prioritizes design
points with higher epistemic uncertainty, leading to improved
learning of the spatial process. Locations with higher epistemic
uncertainty receive greater weight. This criterion prioritizes can-
didate sampling locations that are expected to yield the greatest
reduction in spatial uncertainty.

The generalized Fisher Information Matrix is

M(ξ) = XT C−1X, (12)

which is exactly what a weighted D-optimal design maximizes.

3. Results and discussion

3.1. Fixed Effects Estimates

Table 1: Results of fixed effects for the spatial model.

Variables Mean SD 95% Credible Interval

Intercept −2.9183 18.2592 (−38.7227, 32.8861)

Age 0.0319 0.0043 ( 0.0234, 0.0404)

Sex1 −1.4918 18.2580 (−37.2940, 34.3100)

Sex2 −1.4264 18.2580 (−37.2280, 34.3750)

Medu −0.3096 0.0847 (−0.4755, −0.1432)

Wealth −0.2509 0.0697 (−0.3871, −0.1135)

Hhsize −0.0783 0.0179 (−0.1134, −0.0430)

Net 0.0272 0.0624 (−0.0950, 0.1490)

Residence 0.6370 0.2040 ( 0.2359, 1.0390)

Table 1 presents the posterior summaries of the fixed effects ob-
tained from the spatial regression model with heteroscedastic and
nonnormally distributed errors. The results show that age has a
positive and statistically significant effect on the response variable,
with a posterior mean of 0.032 and a 95% credible interval that ex-
cludes zero (0.023, 0.040). This indicates a robust increasing rela-
tionship between age and the outcome after accounting for spatial
dependence and heteroscedasticity. In addition, residence type

(residence2) shows a positive and statistically significant effect, im-
plying systematic differences between residential categories even
after adjusting for spatial effects.

Several socioeconomic variables exhibit negative associations.
Maternal education (medu) shows a negative and significant ef-
fect (posterior mean = −0.310; 95% credible interval: −0.476 to
−0.143), suggesting that higher levels of maternal education are
associated with lower values of the response variable. Similarly,
household wealth and household size both have negative and sta-
tistically meaningful effects, with their respective credible inter-
vals lying entirely below zero, indicating consistent protective or
reducing influences.

The effects of sex categories (sex1 and sex2) are characterized
by large posterior standard deviations and wide credible inter-
vals spanning zero, suggesting substantial uncertainty in their esti-
mated effects. This variabilitymay be attributable to heteroscedas-
tic noise, limited information in certain subgroups, or spatial con-
founding. Likewise, the effect of net is not statistically significant,
as its credible interval includes zero.

Overall, the fixed effects results demonstrate that the proposed
spatial regression framework is capable of identifying meaning-
ful covariate effects under heteroscedasticity and non-normal er-
rors, while appropriately quantifying uncertainty through poste-
rior credible intervals. These estimates form the basis for the sub-
sequent construction of the weighted D-optimal design.

3.2. Spatial Prediction and Uncertainty Maps

Figure 1: Spatial prediction and uncertainty maps.

Figure 1 displays the spatial distribution of the predictive vari-
ance across observation locations. The map reveals clear spatial
heterogeneity in uncertainty, reflecting the combined effects of
heteroscedastic measurement noise and spatial dependence cap-
tured through the SPDE model. Regions with relatively high pre-
dictive variance (shown in lighter colors) are predominantly con-
centrated in parts of the northern and north-eastern areas of the
study region, whereas lower variance values are observed in the
southern zones where observations are denser.

The spatial pattern indicates that predictive uncertainty is not
uniformly distributed, but instead varies systematically with loca-
tion. Areas exhibiting higher predictive variance are likely associ-
ated with sparser sampling coverage and increased variability in
the underlying process, while areas with lower variance benefit
from greater information content and stronger local support from
nearby observations. This behaviour is consistent with expecta-
tions under heteroscedastic spatial regression models.
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Importantly, the predictive variance surface provides critical
guidance for optimal sampling design. Locations characterized by
elevated variance represent regionswhere additional observations
are most informative for reducing uncertainty. Consequently, this
spatial variance map forms the basis for constructing the weight-
ing scheme used in the weighted D-optimal design, ensuring that
sampling effort is preferentially allocated to areas with greater un-
certainty rather than uniformly across space.

3.3. Weighted D-optimal design points

Figure 2: Some selected weighted D-optimal design points.

Figure 2 illustrates the spatial distribution of the selected design
points obtained from the weighted D-optimal design across Nige-
rian states. The selected locations are not uniformly distributed
over space; instead, they exhibit clear clustering in regions identi-
fied as having higher predictive variance and greater uncertainty
in the spatial regression model. The map displays candidate and
selected sampling locations overlaid on administrative boundaries
of Nigeria. Red points indicate the chosen design locations un-
der the weighted D-optimal criterion. The color scale represents
the normalized weights (weight_star) derived from epistemic un-
certainty, where lighter color indicates higher weights (greater
model uncertainty) and darker color indicates lower weights. Re-
gions with higher weights are prioritized in the sampling design
due to increased epistemic uncertainty. A substantial concentra-
tion of design points is observed in the northern and central parts
of the country, particularly in areas that correspond to elevated
predictive variance in Figure 1. This indicates that the weighted D-
optimal criterion effectively prioritizes regions where additional
sampling is expected to yield the greatest information gain. In
contrast, fewer design points are allocated to the southern regions,
where predictive variance is relatively low and the existing obser-
vations provide stronger local support.

The spatial allocation of design points demonstrates the advan-
tage of incorporating weights derived from heteroscedastic and
spatial uncertainty into the D-optimality criterion. By emphasiz-
ing locations with larger variance, the proposed approach departs
from classical unweighted D-optimal designs that tend to favour
regions with dense existing data. Instead, the weighted design pro-
motes a more informative and efficient sampling strategy that di-
rectly targets uncertainty reduction in spatial prediction. Notably,
higher-weight regions are concentrated in northern areas, reflect-
ing greater predictive uncertainty andmotivating denser sampling
in these locations.

Overall, the selected design points reflect a principled balance
between spatial coverage and information efficiency, reinforcing
the suitability of weighted D-optimal design for spatial regression
models operating under heteroscedasticity and nonnormally dis-
tributed errors.

Table 2 presents the ranking and priority scores of candidate
design locations derived from the weighted D-optimal design pro-
cedure. The ranking is based on a composite weighting scheme
that integrates information from the predictive variance, Fisher in-
formation contribution, and uncertainty-based weights. Locations
with lower rank values (e.g., Rank 1–10) represent the highest-
priority sampling points under the proposed design framework.

The top-ranked locations are characterized by relatively high
predictive variance and correspondingly large uncertaintyweights
(Weight-Uncertainty), indicating areas where additional observa-
tions are expected to provide substantial gains in information. For
instance, the highest-ranked location (Rank 1) exhibits the largest
priority score and a comparatively high predictive variance, con-
firming its importance for reducing spatial uncertainty. Similar
patterns are observed across the top-ranked locations, where ele-
vated values of predicted variance and priority consistently align.

The weighting components reveal that both the Fisher-based
weight (weight_fisher) and the uncertainty-based weight con-
tribute meaningfully to the final composite weight. While
weight_fisher reflects the contribution of each location to parame-
ter estimation efficiency, weight_uncertainty emphasizes regions
with higher predictive uncertainty arising from heteroscedastic-
ity and spatial variability. The resulting standardized weights
(weight_standard) ensure comparability across locations and form
the basis for the final ranking.

Overall, the rank and priority table provide a transparent and
quantitative mechanism for identifying optimal sampling loca-
tions. The strong agreement between high-ranking locations, ele-
vated predictive variance, and the spatial clustering of selected de-
sign points demonstrates the internal consistency of the proposed
weighted D-optimal design approach. These results further sup-
port the effectiveness of incorporating heteroscedastic and spatial
uncertainty into optimal design construction for spatial regression
models with nonnormally distributed errors.

This study develops and applies a weighted D-optimal design
framework for spatial regression models in the presence of het-
eroscedasticity and nonnormally distributed errors. By integrat-
ing spatial modelling via the INLA–SPDE approach with a variance-
informed weighting scheme, the proposed method addresses key
limitations of classical optimal design techniques when applied to
realistic spatial data.

A central finding of this work is that accounting for het-
eroscedasticity and spatially varying uncertainty substantially al-
ters the allocation of optimal design points. Unlike unweighted D-
optimal designs, which tend to favour regions with dense observa-
tions and lower variability, theweighted approach reallocates sam-
pling effort toward locations exhibiting higher predictive variance.
This ensures that additional data collection is targeted at regions
where uncertainty is greatest and where the potential information
gain is highest.

The results further demonstrate that nonnormally distributed
errors can be accommodated within the spatial regression frame-
work without compromising interpretability or design efficiency.
The posterior summaries of the fixed effects show that meaningful
covariate relationships can still be identified, while the predictive
variance surface captures both measurement-level heteroscedas-
ticity and uncertainty arising from spatial dependence. This dual
consideration is particularly important in applied settings, where
assumptions of constant variance and normality are often violated.

The ranking and priority analysis highlight the practical value
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Table 2: Ranking and Priority Analysis.

S/N Rank Pred. Variance Wt-Uncertainty Wt-Fisher Weight Wt-Standard Priority

1 0.127659 0.137699 0.244536 0.827309 0.018961 0.154306 6352
2 0.121770 0.148397 0.235325 0.811781 0.022022 0.150003 6284
3 0.116001 0.100914 0.232470 0.808058 0.010184 0.143555 6126
4 0.116001 0.100914 0.232470 0.808058 0.010184 0.143555 6132
5 0.116001 0.100914 0.232470 0.808058 0.010184 0.143555 6146
6 0.112923 0.121150 0.225466 0.800019 0.014677 0.141151 6096
7 0.111193 0.119973 0.222841 0.797302 0.014393 0.139462 6100
8 0.109696 0.118768 0.220555 0.795039 0.014106 0.137975 6098
9 0.108018 0.127087 0.216711 0.791418 0.016151 0.136487 7457
10 0.107658 0.135673 0.214914 0.789795 0.018407 0.136311 6280

of the proposed design strategy. By combining Fisher information–
basedmeasures with uncertainty-drivenweights, the resulting pri-
ority scores provide a transparent and quantitative basis for se-
lecting sampling locations. The strong alignment between high-
ranked locations, elevated predictive variance, and the spatial clus-
tering of selected design points confirms the internal coherence of
the method and its suitability for guiding data collection decisions.

From an applied perspective, the proposed weighted D-optimal
design offers a flexible and robust tool for spatial sampling in
complex environments, such as large and heterogeneous regions.
By explicitly incorporating heteroscedasticity, spatial dependence,
and non-normal error structures, themethod better reflects the re-
alities of environmental, demographic, and socio-economic data.
This makes it particularly useful for large-scale surveys and mon-
itoring studies where efficient allocation of limited sampling re-
sources is critical.

Despite its advantages, this study has some limitations. The
weighting scheme relies on model-based estimates of predictive
variance, which may be sensitive to prior specification and model
assumptions. In addition, the analysis focuses on a single spatial
scale, and extensions tomultiscale or spatio-temporal designs war-
rant further investigation. Future research could also explore al-
ternative optimality criteria, such as A- or I-optimality, and assess
their performance under similar heteroscedastic and non-normal
settings. Overall, this work contributes to the growing literature
on optimal experimental design for spatial models by demonstrat-
ing that weighted D-optimal design provides a principled and ef-
fective approachwhen classical assumptions are violated. The pro-
posed framework bridges spatial statistics and optimal design the-
ory and offers a practical pathway for improving sampling effi-
ciency in complex spatial regression problems.

4. Conclusion
This study proposed and implemented a weighted D-optimal

design framework for spatial regression models operating under
heteroscedasticity and nonnormally distributed errors. By inte-
grating spatial modelling through the INLA–SPDE approach with
a variance-informed weighting scheme, the methodology extends
classical optimal design theory to settings where key modelling
assumptions—such as constant variance—are violated. The results
demonstrate that incorporating spatially varying predictive vari-
ance into the D-optimality criterion leads to a fundamentally dif-
ferent and more informative allocation of design points. Rather
than concentrating sampling effort in regions with dense obser-
vations and low uncertainty, the weighted design prioritizes loca-
tions characterized by elevated predictive variance, thereby tar-
geting areas where additional data collection is expected to yield

the greatest reduction in uncertainty. This behaviour was consis-
tently reflected in the predictive variance maps, the spatial distri-
bution of selected design points, and the ranking and priority anal-
ysis. The proposed framework also showed that meaningful fixed-
effect relationships can be reliably estimated even in the presence
of heteroscedastic errors, while spatial dependence is appropri-
ately accounted for through the latent Gaussian field. The decom-
position of uncertainty into aleatoric and epistemic components
provides a clear conceptual basis for design weighting and rein-
forces the importance of focusing sampling resources on reducible,
model-based uncertainty. Overall, this work contributes to the lit-
erature on spatial optimal experimental design by offering a princi-
pled and flexible approach that bridges spatial Bayesian modelling
and weighted D-optimal design. The methodology is particularly
relevant for large-scale spatial studies where resources are limited
and uncertainty is unevenly distributed across space. Future re-
search may extend this framework to spatio-temporal settings, al-
ternative optimality criteria, or adaptive design strategies that up-
date weights sequentially as new data become available. Survey
designers are encouraged to consider weighted designs in settings
where spatial heterogeneity in uncertainty is expected.
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