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Abstract

Optimizing network flow with facility allocation requires strategic placement and efficient traffic management. The considered model integrates
the network flow model with location analysis. Allocation of facilities on arcs changes the capacity of the arcs, which reduces the optimality of
the original network. The multi-facility allocation in the network flow model is the A”P-hard problem. An acceptable solution to the k-FlowLoc
problem can be obtained via an auxiliary graph H that incorporates facility-location compatibility constraints and maximum-flow computation.
This transformation ensured a one-to-one correspondence between feasible allocations and maximum flows of value k in H. Optimization objec-
tives are guided by cost functions on H’s edges, significantly influencing facility placement quality. Computational results with different cost
functions demonstrate that this approach provides a scalable alternative to exact solutions. The solution with a dataset of Asan, Kathmandu,
Nepal, validates its practical applicability in real-world applications and motivates further exploration of a new cost function.

Keywords: Network flow; Facility placement; Auxiliary network; Cost function; Flow maximization.

1. Introduction

The dynamic network flow theory of Ford and Fulkerson [1] pro-
vides the groundwork for time-dependent evacuation modeling,
which has been extended and applied to address scenarios in build-
ings, urban areas, and large facilities (see [2]). A main challenge
lies in mitigating congestion near shelters, where bottlenecks of-
ten delay movements. Thus, routing evacuees efficiently to safe
destinations while respecting capacity and operational constraints
is crucial. Among various mathematical approaches: simulation,
fluid dynamics, control theory, and network flow designs remain
the most computationally efficient and analytically robust. Funda-
mental flow models primarily aim to either maximize total flow or
minimize overall cost. Dynamic variants of network flow includes
the earliest arrival, quickest, lexicographically maximal, and quick-
est transshipment flows, each presenting different time-based and
priority aspects.

The placement of facilities such as hospitals, warehouses, emer-
gency service centers, and security units plays an important role in
managing both emergency and disaster situations, as well as daily
operations. In both contexts, location optimization is supported
by mathematical models designed to balance coverage, approach-
ability, and efficiency. Facility location approaches cover several
mathematical models. Covering problem that selects sites to serve
either all or the optimum possible number of demand points. p-
median models that position facilities to minimize total or mean
travel distance. p-center models that reduce the greatest distance
between any demand point and its closest facility. These concepts
were applied by Jia et al. [3] in facility location models. Under un-
certain demand, the pick-up location models [4, 5] determine opti-
mal collection points and evacuee assignments to minimize system
costs or optimum travel time. Rescue transfer location models [4]
optimize the placement of intermediate rescue centers to reduce
total travel cost. Shelter location models [6, 7, 8] apply hierarchical
and multi-objective formulations to minimize vehicle hours and
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total evacuation time, linking upper-level shelter decisions with
lower-level traffic assignment problems.

FlowLoc models combine facility location and flow optimization,
analyzing the impact of facility placement along road segments on
the network [9, 10]. For a more realistic representation of evac-
uation scenarios, dynamic flow models account for time-variant
as well as capacity limitations [11]. Network flow-based methods
have established a strong capability in managing large-scale evac-
uation systems. Consequently, the allocation of facilities in evac-
uation networks directly influences flow optimality and the effec-
tiveness of emergency responses. Contraflow ideas, where lanes
are reversed to increase outbound capacity, have also been applied
to FlowLoc and have shown improvements in flow and evacuation
time [12, 13]. Prioritized FlowLoc for prioritized flow has been pro-
vided with polynomial time solution for single facility and heuris-
tics for multi-facility [14]. FlowLoc has grown from a simple capac-
ity reduction idea into a broader set of tools such as contraflow,
time dependent behavior, and storage effects. Even with these ex-
tensions, the auxiliary graph approach remains the main practical
method for placing multiple facilities in larger networks.

This study investigates the FlowLoc model for multi-facility al-
location. To examine the influence of the facility, different cost
settings in the auxiliary graph are considered. The corresponding
reductions are compared on the basis of heuristics and the exact
solution of the mixed integer formulation of the integrated model.
For the experiments, a dataset of Asan Kathmandu, Nepal, is taken.
Results are compared with twenty different cost functions. Their
effects are observed on total flow, placement patterns, and the gap
between heuristic and optimal results. The findings show that cost
designs help to achieve more flow with reduced capacities, and
modeling choices shape final placements. These results offer prac-
tical guidance for using FlowLoc methods in dense urban settings.

Section 2 describes the FlowLoc problem and its solution sta-
tus. Section 3 explains the idea of constructing auxiliary graph and
shows how feasibility checks and heuristic methods come from the
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minimum cost flow setup. Section 4 applies the model to a dataset
of Asan, Kathmandu road network. Results are analyzed based on
facility placements across all cost choices. Section 5 concludes the
work.

2. Mathematical Formulation

Suppose a tuple (G, n, F,o,d) where G = (V, E) is a network
with capacities  : E — N. The set F contains the facilities, each
facility q with size o(g). The function d(e) gives the maximum
number of facilities that can be placed on an edge e. The set of
candidate edges is £ = {e € E : d(e) > 0}. The objective is to
place all facilities on edges in £ while maximizing the total flow be-
tween all possible source-sink pairs. The total number of facilities
is denoted by k = | F| and the number of candidate edges by |€|.

Let ¢°* denote the flow between nodes s and ¢ and let ¢; be the
corresponding flow on edge (4, j). A facility can only be placed on
an edge whose capacity is at least as large as the facility size. If
a facility is placed on an edge, the usable capacity becomes 1. —
o4, where ¢ is the largest facility placed on that edge. The binary
variable (.4 is 1if facility ¢ is placed on edge e, and 0 otherwise. The
mixed integer programming formulation of the problem presented
in [10] is:

st
max E @°
(s,t)EV X V:is<t

Flow Conservation Constraints:
For each pair (s,t) € V x V,withs < ¢:

Z(@t)eE Qﬁf = ¢St (1)
Sier @ =0 Vi#steV )
Lt =0 VecFE (3)

Facility Placement Constraints:

qu}" Ceq <0 Veel (4)
Zeeg Ceq=1 VqgeF 5)
Gijq = Gjig € {0,1} V(i,j) €E,q € F (6)

Capacity Constraints:

¢+ o Ceqg<me Ve€E, (s,t) EVXV:is<t,gEF (7)
$t<ne Ve€EE\E (s,t) EVXV:is<t (8)

This model ensures that each facility is placed exactly once re-
specting capacity limits, and follows the standard FlowLoc setup.
Even though this formulation is exact, it is computationally infeasi-
ble for larger networks as k-FlowLoc is NP-hard. A more scalable
method from Heller and Hamacher [10] uses Theorem 1. Building
the auxiliary graph H and computing a minimum cost flow of value
k can be done in polynomial time. This reduces the combinatorial
difficultly of problem to designing acceptable cost functions on the
arcs (ps, €;).

Let H = (Vu, En) be the directed auxiliary graph with vertices
Vi, arcs Ex, and capacities defined as:

Ve = {z,y}U{pi:i=1,...;k}U{e;j:e; €&}
Exg = {(z,pi):i=1,... k}
U{(pi, €5) : o(pi) < mles)}
U{(ej,y) : ¢; € £}
nu(z,pi) = 1, nu(pie) =1, nule;y)=d(e;)

Theorem 1. There exists a feasible k-FlowLoc placement if and only if
there exists an x — y flow of value k in H. Moreover, flows of value k are
in one-to-one correspondence with feasible placements [10].

A path z — p; — e; — y represents placing facility p; on edge
e;. The arc (ej, y) controls how many facilities can be allocated to
edge e;. A minimum cost flow of value k produces k such paths and
therefore gives a placement. The cost function cost : Ay — Rx>g
is specified using the choices in Table 1. Any arc not listed in the
table receives cost zero.

Table 1: Cost functions for heuristic solutions

cost(p;, e;) a b c d e
—n(e;) | —nles) | —nle;) —d(ej) * ( 0
+o(pi) | *6(e5) | mlej) —o(a))
cost(e;,y) i ii iii iv
1 —0(ej) | —nlej) 0

3. Facility Placement Optimization

With the mathematical formulation discussed, the next step is to
obtain an acceptable solution. This is achieved by constructing an
auxiliary directed graph where every valid facility-edge allocation
is represented as unique x — y path. A FlowLoc instance is feasible
exactly when an x — y flow of value k exists in this graph. Any such
flow gives a complete allocation. After choosing a cost rule for the
arcs, an allocation is obtained by running a minimum cost flow in
the auxiliary graph. A plain maximum flow can also be computed
to check feasibility before applying the cost function.

Algorithm 1 k-Facility Allocation on Network [10]

Require: Graph G = (V, E); capacitiesn : E — N,; feasible edges
& C F; facilities F with size o(q) for ¢ € F; max placement
count §(e) for e € £; and a cost function.

Ensure: Allocation ¢

1: Construct auxiliary graph H = (Vu, En).

2: Compute ¢, a minimum-cost (z, y)-flow in H of value k, with
respect to cost.

3: If such a flow doesn’t exist, then a complete allocation is infea-
sible; terminate the algorithm.

4: Derive allocation ¢ as (eq = ¢ from flow ¢

5: return

Algorithm 1 checks if all facilities can be placed and produces
a feasible placement whenever one exists. The integral flow the-
orem states that a maximum-flow computation in H with integer
capacities returns an integer flow. If the maximum (z, y)-flow in
H has value k = | F|, the flow splits into k arc-disjoint paths of the
formz — g; — e; — y. These paths define a feasible placement
¢ that meets all constraints of the k-FlowLoc problem. Thus, the al-
gorithm reports infeasibility when the flow is below &, otherwise
returns a valid placement.

Let m,n denote the number of arcs and vertices in G while
mu,ny denote the same for corresponding auxiliary graph H.
The graph H has O(k + |£|) nodes and at most k|E| + k + |€|
arcs, so mg = O(km). Algorithm 1 calls a minimum-cost flow
(MCF) computation on H.

Using any strongly polynomial successive-shortest-path or cost-

scaling algorithm [15], the running time is Tvcr (na, mu, k) =
O(kmulogny) = O(k*mlog(k+m)) = O(k*mlog(k+m)).
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(a) Network with locations (solid edges)
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(b) Auxiliary graph H for network in Figure 1a

Figure 1: Network configuration and corresponding auxiliary graph con-
struction

(b) Facility Allocation based on Figure 2a.

Figure 2: Cost function (a,i) prioritizes high-capacity edges for facility-
location

Extracting the flow and deriving  takes linear time and does not
change the final complexity. The main cost therefore comes from
the minimum-cost flow step.

Table 2: Comparison of heuristic results under different cost-function for-
mulations with optimal flow 1727. Best values appear in bold and
the worst in italics.

Cost Flow Loss(%) Food Water Vendor Toilet
(a,i) 1500 13.14 (17,21) (16,20) (16,20) (11, 16)
(a,ii) 1487 13.90 (17,21) (6,10)  (16,20) (16,20)
(a,iii) 1500 13.14 (16,20) (16,20) (17,21) (11,16)
(a,iv) 1500 13.14 (17,21) (16,20) (16,20) (11,16)
(b,i) 1442 16.50 (17,21) (16,20) (16,17) (11,16)
(b,ii) 1487 13.90 (17,21) (6,10)  (16,20) (16, 20)
(b,iii) 1500 13.14 (16,20) (16,20) (17,21) (11,16)
(b,iv) 1442 16.50 (17,21) (16,20) (16,17) (11,16)
(c,i) 1507 12.74 (16,20) (16,20) (6, 10) (6,10)
(c,ii) 1507 12.74 (6,10)  (6,10)  (16,20) (16, 20)
(c,iii) 1486 13.95 (16,20) (16,20) (11,16)  (17,21)
(c,iv) 1507 12.74 (16,20) (16,20) (6, 10) (6,10)
(d,i) 1471 14.82 (17,21) (11,16) (16,20) (16, 20)
(d,ii) 1487 13.90 (17,21) (6,100  (16,20) (16,20)
(d,iii) 1471 14.82 (17,21) (16,20) (11,16) (16,20)
(d,iv) 1471 14.82 (17,21) (11,16) (16,20) (16, 20)
(e,i) 1409 18.41 (16,17) (11,16)  (6,10)  (15,19)
(e,ii) 1439 16.68 (13,17) (13,17) (6, 10) (6, 10)
(e,iii) 1486 13.95 (16,20) (16,20) (11,16) (17,21)
(e,iv) 1409 18.41 (16,17) (11,16) (6,10)  (15,19)

The method runs in polynomial time but still acts as a heuristic
for the k-FlowLoc problem, which is NP-hard. It guarantees an
acceptable solution that with respect to the chosen cost function
on H, but it does not guarantee a globally optimal solution.

Example 2. Consider an undirected network G = (V, E) with
V = {s,a,b,c,d,t}. The network and its edge capacities are
shown in Figure 1a. Facility placement is allowed only on the solid
edges, which form the set £. Each edge in € canholduptod(e) = 2
facilities, except the edge (b, a), which allows §(ba) = 4 facili-
ties. The facility set is F = {W, X,Y, Z} with sizes c(W) = 1,
0(X) =2,0(Y) = 3,and 0(Z) = 4. The auxiliary graph shown
in Figure 1b is constructed as mentioned in Step 1 of Algorithm 1.
The colored arcs in Figure 2a represent the paths selected by the
minimum cost flow. The final placement obtained from these paths
is displayed in Figure 2b.

4. Case Study: Asan, Kathmandu Road Network

The central Asan area of Kathmandu has been modeled as an
undirected network with 22 junctions and 33 road segments, as
shown in Figure 4. Thirteen edges are chosen as candidate loca-
tions for placing facilities, and each edge has a placement limit as
shown in Figure 5. Four types of facilities are assumed for the study:
Food Stall (size 2), Water ATM (size 2), Mobile Toilet (size 2), and Vendor
(size 1). After all facilities are placed, the multi-terminal maximum
flow over all ordered pairs is recalculated. The aim is to pick loca-
tions for placement of facility that reduces the loss in total flow.

The auxiliary graph method i.e., Algorithm 1 was applied to all
twenty cost function combinations listed in Table 1. The result-
ing flow values are shown in Figure 3a. Combinations (e,i) and
(e,iv) represent the case where no cost is used on the auxil-
iary arcs and give a baseline flow of 1409. Since cost type e sets
cost(ps,e;) = 0, the influence of cost(e;,y) can be seen by it-
self. Column e shows that using only the terms —7(e;) or —d(e;)
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increases the flow to 1439 and 1486 respectively. Both values are
higher than the no cost baseline, which shows that even simple
cost rules based on local capacity or placement limits can give no-
ticeable improvement.
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(a) Flow values across different cost combinations. Size of circles denotes
relative flows.
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(b) Facility allocations for all cost combinations, arranged in quadrants
for Food, Vendor, Toilet, and Water.

Figure 3: Facility allocations for all cost combinations, arranged in quad-
rants for Food, Vendor, Toilet, and Water.

Across all cost pairs, the same pattern remain consistent. The
terms —n(e;) (column a) and —d(e;) (part of column d) give
strong results, while the product —n(e;)d(e;) (column c) pro-
duces the best flows overall. Column b, which uses the cost
—n(e;) + o(pi) and therefore favors arcs that keep more capac-
ity after placement, also performs well. Cost family d gives better
results than the no cost options but stays between the other fami-
lies in quality. For this network, the top combinations are (c,1i),
(c,ii), and (c,iv), each giving a residual flow of 1507.

Figure 3b shows the placement results for all cost pairs. Each
square represents one pair and is divided into four parts for the
four facilities. The symbols are used to mark the different candi-
date locations. It has been noticed that changing the cost struc-
ture leads to noticeably different placements. This means the cost
design has a strong influence on facility allocation. Squares with
the same color have the same flow value. Even within the best
flow group (1507), there are two distinct allocations. High per-
forming costs often place several facilities on the same arc, which
reduces the total flow loss across the network. In contrast, the no
cost cases (e,i) and (e,iv) spread facilities across many edges,
causing larger flow reductions.

For benchmarking, the optimal placement was computed using
PuLP’s mixed integer solver. The optimal residual flow is 1727.
This is achieved by placing all larger facilities on edges connected
tonode 6 (Keltol) near Seto Machindranath, and placing the vendor
(size 1) on edge (16, 20) near Ranjana Parking, as shown in Figure

5(d). Table 2 summarizes the results. Cost family c is the strongest
overall, with loss values as low as 12.74%. The weakest cases are
(e,i) and (e, iv), both giving a flow of 1409 (loss 18.41%). These
differences show how important cost choices are for guiding the
heuristic toward better placements.

Figure 4: Aerial view of the case study area, Asan, Kathmandu.

On average, the optimal solution takes about 6 minutes to com-
pute on an AMD Ryzen 5 5600H processor with 24GB RAM. A single
run of the auxiliary graph heuristic takes only 0.1139 seconds. The
heuristic therefore provides results more than 3000 x faster, mak-
ing it suitable for real-time or large-scale use.

Overall, the results show that the auxiliary graph heuristic does
not reach the true optimal solution but still performs well when
the cost rules are chosen carefully. Costs based on n(e;) and d(e;)
work reliably, and the product term gives the best outcomes in this
network. These results point to the importance of cost design in
getting good facility placements and show that the auxiliary graph
method is practical for dense urban networks where fast computa-
tion is needed.

5. Conclusions

In this case study, the theoretical ground of flow models and lo-
cation analysis on networks are studied. The FlowLoc framework
combines flow routing with facility placement. It is shown to be
NP-hard for multi-facility allocation. Several heuristics with dif-
ferent cost structures in auxiliary-network were evaluated. Heuris-
tics are validated using real data. Solutions provide a system-
atic approach for facility allocation and support practical decision-
making. A dataset of congested urban area, Asan, Kathmandu is
considered for the case study. It has been observed that roadside fa-
cilities reduce effective road capacity and restrict pedestrian move-
ment. Results indicate that cost-guided auxiliary-graph heuristics
offer an effective method for addressing the multi-facility alloca-
tion problem in network. Case study result suggests placing all
larger facilities on edges connected to Keltol and placing the ven-
dor near Ranjana Parking. Future extensions may include time-
dependent capacities or demands and multi-commodity versions
for flows such as pedestrians, emergency vehicles, or commercial
traffic. Additional cost rules informed by measured traffic data,
simulations, or data-driven models may further improve solution
performance.
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Appendix

Table 3: Summary of notations.
Notation Description
G=(V,E) Network with vertex set V and edge set F
d(e) Maximum number of facilities allowed on edge e
¢ Flow between source s and sink ¢
Ceq Binary variable indicating facility placement
o Flow on edge (3, j) for source-sink pair (s, t)
a(q) Size of facility ¢
n:E—N Capacity function
F Set of facilities
k=|F| Number of facilities

H = (Vu,Eu) Auxiliary graph
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