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Abstract

In this work, the propagation of SH (Shear Horizontal) waves over two interconnected micro-morphic half spaces is investigated. By transforming
the fundamental relations into the xy-plane and applying the well-known "plane harmonic solution" approach to solve them, the secular equation
was produced. Three more waves are shown that are not present in classical elasticity. The study investigates how micro-morphic properties
affect wave propagation, providing insights into how SH waves behave in non-classical materials.
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1. Introduction

The distribution of couplings throughout the surface where var-
ious components of a continuum interact mechanically is ignored
by the classical theory of elasticity. The premise of the micro-polar
hypothesis, which was proposed by Eringen [1, 2] and Eringen [3],
is that the medium’s micro motion is limited to micro-rotation
alone. Micro-motion is made up of micro-translation and micro-
rotation, according to Eringen’s [4] theory of micro-morphic ma-
terials. Twelve second-order partial differential equations with
twelve unknowns and eighteen elastic constants are needed to an-
alyze the mechanical behavior of a micro-morphic material. By ap-
plying to the micro-elastic solid the idea of coincidence of primary
directions of stress and strain in classical elasticity, Koh [5] created
amore straightforward theory. By applying a certain type of micro-
isotropy, Koh [5] was able to derive unique constraints on the elas-
tic moduli, which in the exceptional situation reduced number 18
to 10. One simply needs to take into account nine equations in nine
unknowns in a later formulation of the problem with regard to the
major direction of the micro-strain.

Koh's [5] theory is referred to as micro-isotropic, micro-elastic
theory. The equations of micro-polar elasticity are obtained by
assuming that the micro-motion is limited to micro-rotation and
that the stress moment tensor exhibits a specific type of anti-
symmetry. Some have examined wave propagation when the dis-
tance between the point source and the plane is finite. Sommer-
field [6], Jeffery [7], Muskantand [8], and others have examined
the propagation of plane waves in two semi-infinite mediums sepa-
rated by a plane interface. In their study, M. Parameshwar Rao and
B. Kesava Rao [9] examine wave propagation in a semi-infinite mi-
cropolar isotropic elastic solid superimposed on another microp-
olar elastic solid. Researchers S.K. Tomar and S.L. Saini [10] have
examined the reflection and refraction of SH waves across a cor-
rugated interface between two-dimensional transversely isotropic
half spaces. Somaiah and Ravikumar [11] studied the wave propa-
gation at half-space. The impacts of angular rotation, initial com-
pression under impedance boundary conditions on Love-type SH-
wave propagation was studied by Somaiah [12]. In recent, rotation,
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initial compression, surface stress and sliding contact effects are
discussed by Somaiah et al[13, 14].

In this paper we discuss the SH waves in two micro-morphic elas-
tic half spaces. This problem is of geophysical interest, particularly
in investigations concerned with earthquakes and other phenom-
ena in seismology. The initial approximation to the real situation
can be made by considering the earth as being composed of multi-
ple layers, each of which has constant physical qualities, while the
propagation characteristics of the earth change with depth. We no-
ticed that there are three more waves when taking time harmonic
waves into account. These three waves are dispersive and depend
only on micro-morphic constants As and By and that are other
than A and p.

2. Basic equations:

The basic equations for micro-isotropic, micro elastic solids are
obtained by Koh [5], Parameswaran and Koh [15] are given as fol-
lows. The constitutive equations are

tem) = AieppOrm +2A2eKm, (1)
tm) = Okm] = 2436pkm (rp + ¢p), )
Otkm) = —A4dpp Okm — 2450 (km), )
teimn) = B1Opp,k) Omn + 2B2@(mn, k), (4)
muy = —2(Bagik + Bad,y + Bsdppor)  (5)

where () denotes symmetric part and [ ] denotes anti-symmetric
part and

A = A+o, By =73,

Ay = p+ oy, 2By = 17 + Ti0 = To,

As = o3, Bs = 214 + 279 + 77 — T10,

Ay = —o1, By = —274,

As = —o9, Bs = —2719 (6)

Subject to conditions
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. where suffix comma denotes partial derivatives with respective
N to space variable (z) and suffix repeated indices represents sum-
mation.
3. Formulation and solution of the problem:
p(.1 Figure lillustrates that two micro-morphic half spaces with dif-
>, ferent mechanical properties perfectly welded along the x-axis.
.1 For time harmonic propagation in the zy-plane, the compo-
LA nents of macro displacements u, v, w, micro rotations ¢, (1 < a <
3) and macro-strains ¢ .5y (1 < a,b < 3) are considered as func-
tions of x, y, t for both media and they are given by
Figure 1: Geometry of the problem.
N - 0, oM = 0, w?) = w<1)(:c,y,t), (11)
O = Wyt
341 4+24; > 0, A2>0, A3>0, 1= (z,9,1),
3454245 > 0, As>0, B3>0, &= (”( ), 88 =0,
~Bs < Bi<Bs, Bs+Bi+Bs>0 (7) Say = b (@),
where ¢, = ~epemPrm, Th = lepkm Um,, and the couple %) = (1)(35 y, t),
lZtress tensor my,;, and the body couples I, are respectively given ) =0, d)ég) =0
y
Mikp = Epkm temns lp = €pmn fmn, arlld )\,.u are Famé’s (clas- fory < 0and
sical material) constants, o1, 02, o5 are micro-isotropic constants,
T2, T3, Ta, T7, T and T1o. Further €pn.m, represents the permutation
symbol.
u? = 0, v®@ = 0,
w?® = <2)(x y,1)
(Al + AQ - AS) Up,pm + (A2 + AS) Um,pp 9 v 9 9 9
9 0t ® P = 6P @y, ¢ =4 @y 1), ¢ =0,
+ 36pkm¢p,k+pfm—pw, @ (2)(3: u.b),
2 2
B 5 2B 1(’12) = ( >(l’ y7t)7
1Ppp,kk 0ij + 2B2d i), kk 523) (m y. 1), (12)
—Aadpp 0ij — 2450(i5) () @) @)
1 (9(15 11 = 07 92 = 0, 12 =0,
+ofig = 29] 815(2”) , C)]
for y>0. Quantities with super suffix 1 denote corresponding
to the medium I and that of super suffix 2 denote corresponding to
2B3¢p,mm + 2(Ba + Bs) ¢m,mp the medium II (y>0).
¢p Under the absence of body forces and body couples the field
—4A — 10
3(rp + é) =P g o2’ (10) equations (8) to (10) are reduce to
) ) 2w®  §2w® ) 3¢(i) a¢(i) 920
AD AW 24 1 2 _ (©) 13
(A" + A\ T g2 ) T2 5y ~ e o2 (13)
(%) (%) (%)
82¢11 02 21 B 4A 1 8’[0( i) n &) _ p(i)j(i) 82 17. (14)
Ox2 Oxdy 312 oy ! o2’
82(;5%2) 82 gl) B 4A(i) _law(i) ) _ (z) .(0) (9 ¢2 (15)
Oy oy? 3 2 Ox 2 o2’
o (0°05 | 9o 0 400
w (S 24 sy - o »
P¢5) %) 9?6} | P68 ; o _ 1 w075
B | g | F2B | + gy |~ Asi — 24s0i = 50 500 (17)
(%) (%) i
y [0 o R
(i) | ~_7(32) (32) (1 (1) 32
2B, 02 9y? — 245 d’gz = 5 a2 (18)
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) 82¢) qi) 1 oy 0208
28 b (31) - (231) _ 2A(1)¢E§)1 _ §p(1)j(1) 8(715531 . (19)
In view of equation (16), the equation (17) reduces to
5?2 (%) 82(;3(” ; 1 . 82¢(i)
2B, < ot g | o = 5 pi V=525 (20)

where ¢ = 1, 2. The field equations for medium I correspond to ¢ = 1 and for medium Il to ¢ = 2.
The equations (13) to (15) are coupled in terms of w®, qbi” and QSS). Assume the plane harmonic solution,

w® = A® exp(m(i)y) exp[iq(y - ct)],
qﬁ(l) B® exp( <Z)y) exp[iq(y — ctﬂ7 (21)

¢y = CV exp(my) explig(y — ct)],

where AW B% @ are constants, g is the wave number and ¢ is the phase velocity.
Substituting equations (21) into equations (13) to (15) we get

[(Aéi) + Aéi)) (m(i)2 . qz) + p(z) 2 2] AD 4 2A(z) O g _ 2A§i) ige =0, (22)

_ 2A§i)m(i)A(i> + [2B§i) (m(i)2 _ q2) _ 2(3?) + Béi>) q2 _ 4A(3i) + p(z)j(z)q262] B(i)

T [2 (Bff) T By>) m® iq] c® =0, (23)

(2487 iq) A + [2(B" + B ) iqm®] B

+ [2B§f') (m“)2 - q2> + Q(Bff) + Bé")) m®* — 44 4 p@ ;O 2] cW=0. (24

For i = 1 we have a system of homogeneous equations in
AL BW and ¢,
(1) (L) 1) 1?2 2 (1) (2) (1) (1)
Similarly for i = 2 we have another system in A®, B® and [] (9 +9 ) (m —q ) +igTE 2 ]
C®@, For the existence of a non-trivial solution the determinant . [Q(I)j(l) (m<1)2 3 q2) 9l | 1)) 2}
of the coefficient matrix must be zero:

2 2 2 2
C§1) _ C{l) m(1)2 B C§1) _ C’él) —? )
o &

|ai~| =0, (25)
J + E<1>2 (m(1)2 _ q2) _ O, (27)

where where

(12 Al +2A(1) 2 Agl) +A(1) AWM
, , L o= o T2 T p(0) '
a1l = (A;Z) + Agl)) (m(l) ) +pVeg?, o 1
Q(B +B )
P NNGEY oA m? _ 243 W2 _ 2Bg W2 _
G12 = 243 (?;L (71) a13 = 3, 3 p T4 p(M (1) 5 pM M) ’
as1 = 72143 m’, 0(1)2 B Aél) 6(1) _ CQ
6 ) 2
o
1 2
w_6Y o 0 o
2 - VT 0T o (28)
azs = 2BV <m<1) - q2> —2(B{" + B{") ¢ Cg Cy Cy
—aag) 4+ o102, Neglecting the ¢ term in (27) we obtain approximate roots
ass = 2(3(” + B(l)) mMiq,  asz =24 iq, for m™* and we suppose these roots be b?, b3 and b3. Thus,

ass = 2(3(1) + B(l)) igm 1),

2¢M 5(1)
CopM (W2 2 D) 4 pMY, (12 2 _ - > )¢
a3z = 2By (m q ) + 2<B4 + By )m bl j(l) T (9(1) T 5(1)) + (1 90 1 5 0 s (29)

—4AD 4 pW W22,

(1)
2 _ 1) 2
Expanding the determinant we get by = [1 —£ (1 " )} q;, (30)
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2¢(1) 5(1)
2 S 2
5= |:j(i)9(i) =537 (1)
We assume that by, bz and bs are positive. The general solutions
for displacements and rotation functions in the lower half space

(y < 0) are of the form

w® = m® Ly exp(—bay) explig(z — ct)], (32)
3
gl) = Z AL exp(—bky) exp[iQ(w - Ct)} ’ (33)
k=1
3
§) =" Liexp(~bry) explia(e — ct)],  (34)
k=1

where L, Lo and L3 are constants,

. 2 2 .
GO + O (18 — ¢?) — 207 + p D g2 e?
—Cé”z iq

MO —

(35)
and

@ 5 b2y _bs

A= —, 2= —, 3= —. (36)
iby iq iq
The system of equations in A B®® and C'® are similar to
those in A, B and C) except for a change in superscript.
Hence the solutions w?, ¢§2)7 qSéQ) for the upper half space (y >

0) are

w® = M® L exp(bsy) explig (z — ct)], (37)
6
¢52) = Z ALk exp(bry) explig (z — ct)] (38)
k=4
6
P8P = > " Ly exp(bry) explig (z — ct)] , (39)
k=4

where Ly, Ls and Lg are constants; b3, b2, b2 are roots of the
determinant of the coefficients of the equations in A® B® o®

by neglecting @’

-(2)0(2)2+C(2)2 B2 — o) — 262 + p@ (D22
M 1t 5 (%5—4 PIa

2.
~C§ g
(40)
Further,
)\4:;(1, )\5:;})5, )\6:;})67 (41)
o iq iq

and b3, bZ, b2 are respectively equal to the right-hand sides of
equations (29) and (31) replacing superscript 1 by 2. On the stress
free boundary surface the required continuous boundary condi-
tions are

1 2 1 2 1 2
w® = @, gD — @ g g @

5y

(42)
_ 42 1 _ (2
= t23)7 Moy = May -
These boundary conditions involve the macro-displacement and
micro-rotations. Substituting equations (32) to (34) and (37) to (39)

into equations (42) we get

MOLy, — MP Ly =0, (43)

MLisa + XoLo + A3Ls — ALy — AsLs — A¢Lg =0,  (44)

Ly +Ly+L3—Ly—Ls—Ls =0, (45)

Agl)bgm(l)[/g + AéQ)b5m(2)L5 =0, (46)

[Bg” iq— Bfl”/\lbl] L1+ [B§1> iq— Bﬁ”AQbZ] Lo
+ [B§1> iq — B§1>A3b3] Ls— [B§2> ig+ B§2>b4)\4] La

- [B§2) iq + Bf)Asb5] Ls — [B§2> iq + Bf))\gbs] Le =0,
(47)

[(Bél) + B 4+ Bél)) by — BM A iq] L
+ [(B§1> + BV 4+ Bgl)) by — B, iq] Lo
+ [(B§1> + BV 4+ Bg”) bs — B s iq] Ls
+ [(Bf) +BP? ¢+ Bf)) b+ BN\ iq] La
+ [(B:(f) +B® 4 B§2>) bs + B A5 iq} Ls

+ (B + BE + BE ) bs + B 2aiq| Le = 0. (49)

A non-vanishing solution for L1, Lo, Ls, La, Ls and L¢ exists if
and only if the determinant of the coefficients is zero:

bij] =0, (49)

where

bu = 0, bio=MD,

bis = 0, bia=0,

bis = fM(2>, bie = 0;

b1 = A1, baa =g,

bas = As,

b24 - _A47 b25 = _A57

bss = —Ae;

bsi = 1, bz2=1, byz=1,

bsa = —1, bss=-1, bss=—1;

b = 0, bis=A"bMD | by =0,

bas = 0, bus=APbsMP,

bsg = 0;

bs1 = Bél) iq — Bil))\lbh

bsz = B iq— B{" b,

b53 = Bél) iq — Bé(ll))\?,bg,7

bsy — _[39 z‘q+Bf>b4A4],
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bss = |:B(2) iq + B(2)>\5b5:| s
bse = [ BY iq + Bf))\ebs} ;
ber = B(l) + B(l) + B(l) Bél))\l iq,

( )
(B Ry O B(l)) by — B i,
bss — (B“> + BV 4 B(l)) bs + B s dg,
(B 21 B@ 4 BéQ)) b + B \yig,
(B + B + B® ) bs + B As ig,

bes = (B§2> +B® 4 B§2>) be + B As iq.

The determinant 49 can be expressed as two factors; hence each
factor equals zero. Thus we have,

MM (AP + A0 =0, (50)
and
leijl =0 (i, =1,2,3,4), (51)
where
c11 = A1, Ci2=A3, C13=—M4, Ci4= —A¢;
C21 = 1, C22 = 1, C23 = —1, C24 = —1;
c31 = bs1, c32 =0bs3, c33 =bsa, C34 = bse;
ca1 = b1, ca2 =be3, ca3 =bea, Caa = bee.

It is interesting to note that equation (50) gives two additional
waves (depending only on micro-morphic constants) not encoun-
tered in classical elasticity. As equation (51) yields an equation in
complex form, a further discussion on it is not initiated.

Now we study the effect of micro-strains in the present prob-
lem.We seek the plane harmonic solution of (18) to (20) as

a1y = V1 exp(—f(l)y) explig(y — ct)],
¢E§)2> =N eXP(—ﬁ(l)y) explig(y — ct)], (52)
¢(35) =Ns eXP(*g(I)Z/) expliq(y — ct)],
and
) =Na eXp( E(Q)y) explig(y — ct)],
2 =N eXp(—E(Q)y) explig(y — ct)] , (53)

3 = Ne exp(—ﬂ(Q)y) expliq(y — ct)],

W

m? _ As

¢ POl (1 O
2 2

p(1>]-(1>c2) r

3t == Micromarphic i
—— Classical
25
B
@
o
@ 15t
o
=
o
B
05
ot
0.5
0 20 40 60 80 100 120 140 160 180 200

Wave number

Figure 2: Wave number vs. wave speed.

Substituting equations (52) and (53) into equation (54) we obtain
the frequency equation:

Aél) p(l)j(l)CQ ) AéZ) p(2)j(2)c2 s
G\ g ) e\ gm0
32 432 BQ 4B2

(55)

4. Numerical application

To study the wave speed at micro-morphic interfaces, the fol-
lowing relevant parameters of material-1 and material-2 are con-
sidered from Somaiah and Ravikumar [16] and Kumar et al. [17],
respectively.

Material-1 (Aluminium epoxy) parameters:

A =759 x 10" N/m?,
pM =189 x 10" N/m?,
KW =0.0149 x 10'° N/m?,

7 = 0.000196 m?,
pM = 2190 kg/m®,
of? =0.0012 x 10° N
ol =0.003 x 10° N

Material-2:

A? =94 % 10" N/m?,
p? =4 x 10" N/m?,
K® =0.125 x 10*° N/m?,

gAY (e 7
Bs 4B '

and N; (i = 1,2,3,4,5,6) are constants. The boundary condi-
tions to be satisfied involving the micro-strains are

(1) _ 4(2) (1) _ 4(2) 1) _ 4(2)

31 = P31 32 = P32 33 = P33 (54)
D@ ) @ ) o)
2(32) = Y2(32)r  Y2(33) T Y233 l2(31) T l2@s1):

i@ = 2% 107° m?, (56)
o 1.74 x 10% kg/m”, (57)

ol? = 0.04 x 10°N(randomly), (58)
o’él> = 0.02 x 10°N(randomly). (59)

Figure 2 delineates that the wave speed at micro-morphic con-
tact half-space boundaries is nearly constant, while at classical elas-
tic solid contact half-space boundaries it rapidly decreases in the
range of wave number 0 to 100 and is constant at wave numbers
greater than 100. The speed of the wave at classical elastic solid
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contact half-space boundaries reaches a maximum value more
than 3.5 x 10*® m/sec, and a minimum value of 0.5 x 10*® m/sec
at low and high wave numbers respectively. It is also observed
that the wave speed at classical elastic solid contact half-space
boundaries is more than that of micro-morphic contact half-space
boundaries. Due to small wave velocity, micro-morphic contact in-
terfaces are safer than classical elastic solid contact interfaces in
earthquake regions.

5. Conclusion

To study the SH-wave propagation at the interface boundaries
of two micro-morphic elastic solid half-spaces, the governing equa-
tions are converted into the zy-plane and solved with the method
of plane harmonic solution. The secular equations of SH-waves
are derived analytically. Hence, they are independent of classical
results; it is an additional wave found and it is dispersive. If two
media have the same mechanical properties this equation is iden-
tically satisfied. So, no wave exists corresponding to micro-strain
when both media have the same mechanical properties such as con-
stants, density and micro inertia. With the use of a MATLAB pro-
gram for a particular model, the following concluding remarks are
made:

i The wave speed at classical elastic solid contact half-space bound-
aries is more than that of micro-morphic contact half-space
boundaries.

ii The wave speed at micro-morphic contact half-space bound-
aries is constant, while at classical elastic solid contact half-
space boundaries it rapidly decreases in the small wave num-
ber range and is constant at large wave numbers.

iii The speed of the wave at classical elastic solid contact half-
space boundariesreaches a maximum value and a minimum
value.
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