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Abstract

In this paper, a Chatterjea-type fixed point theorem in a rectangular b-metric space is proved, thereby providing a complete
solution to an open problem posed by Reny George, S. Radenovic, K.P. Reshma and S. Shukla (Rectangular b-metric space and
contraction principles).

Keywords: Fixed point; Metric space; b-metric space; Rectangular b-metric space

1. Introduction

Fixed point theory is one of the most important tools in
nonlinear functional analysis and applied mathematics. Since
Banach’s contraction principle, numerous generalizations
have emerged. For instance, Chatterjea [1] initiated the
study of fixed points under a novel contraction condition.

The main result of [1] is the following theorem.

Theorem 1. Let (X, d) be a complete metric space and let
T : X → X be a mapping such that there exists a number
h ∈

[
0, 1

2

)
such that

d(Tx, Ty) ≤ h[d(x, Ty) + d(y, Tx)]

for all x, y ∈ X. Then, T has a unique fixed point.

Subsequent work by E. Karapinar and H. K.Nashine [2] ,
C.B.Ampadu and Boateng [3], Gautam et al. [4], Nazam
et al. [5], O.Popescu [6], and others [7, 8, 9, 10] explored
this condition in depth. Meanwhile, generalizations of
Banach’s principle in various metric frameworks have also
been studied—Branciari [10] introduced rectangular metric
spaces, Bakhtin [11] studied b-metric spaces, and George
et al.[12] combined these ideas into b-rectangular metric
spaces, raising several open questions. Some other fixed-point
theorems in b-rectangular metric spaces can be seen [13, 14]

In 2018, Mitrović [15] relaxed the contraction coefficient in the
b-rectangular metric and posed an open question concerning
a Chatterjea-type theorem. In this article, We address this
question by proving a Chatterjea-type fixed point theorem in
b-rectangular metric spaces, thereby extending and unifying
several earlier results.

2. Preliminaries

In the following section, the definitions that are fundamental
to our subsequent analysis are compiled.

2.1. Metric space

The concept of a metric space was axiomatically formulated
by Maurice René Fréchet [16] in 1906.

Definition ([16]). Let X be a non-empty set and let d :
X ×X → R+ be a function satisfying the conditions:

M1: d(x, y) ≥ 0 (non-negative)

M2: d(x, y) = 0 ⇐⇒ x = y (indiscernibles)

M3: d(x, y) = d(y, x) (symmetry)

M4: d(x, y) ≤ d(x, z) + d(z, y) (triangle inequality)

for all x, y, z ∈ X. Then d is called a metric on X and the
pair (X, d) is called metric space.

2.2. Definitions of Convergence sequence, Cauchy se-
quence and Complete matric space

Convergent sequence [17]: A sequence {xn} in a metric space
(X, d) is said to converge to x in X if

lim
n→∞

d(xn, x) = 0 = lim
n→∞

d(x, xn)

we denote this by
lim

n→∞
xn = x

Cauchy sequence [17]: A sequence {xn} in a metric space
(X, d) is said to be Cauchy sequence if for a given ε > 0,
there exists n0 ∈ N such that for all m,n > n0, we have
d(xn, xm) < ε or d(xm, xn) < ε.

Complete metric space [17]: A metric space (X, d) is said to
be complete if every Cauchy sequence in X is convergent to
a point in X.

2.3. b-metric space

In 1989, Bakhtin [11] introduced the concept of a b-metric
space, which generalizes the notion of a metric space by
relaxing the triangle inequality.
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Definition ([11, 18]). Let X be a non-empty set and let
s ≥ 1 be a given real number. A function d : X ×X → R+ is
called b-metric on X if the following conditions hold: For all
x, y, z ∈ X

1. d(x, y) = 0 ⇐⇒ x = y

2. d(x, y) = d(y, x)

3. d(x, z) ≤ s[d(x, y) + d(y, z)]

The pair (X, d) is called b-metric space, in short bMS.

2.4. Rectangular Metric Space

In 2000, Branciari [10] introduced the notion of rectangular
metric space as follows:

Definition ([10]). Let X be a non-empty set and a function
d : X×X → R+ be a mapping such that for all x, y ∈ X, and
for all distinct points u, v ∈ X, each of them different form x
and y, one has

1. d(x, y) = 0 ⇐⇒ x = y

2. d(x, y) = d(y, z)

3. d(x, y) ≤ d(x, u)+d(u, v)+d(v, y) (Rectangular inequality)

Then d is called a rectangular metric (or generalized metric)
on X and the pair (X, d) is a rectangular metric space or
generalized metric space. (Shortly RMS or gms respectively.)

2.5. Rectangular b-Metric Space

In 2015, George et al. [12] introduced the notion of rectangular
b-metric space, which is given as follows:

Definition ([12]). Let X be a non-empty set and the mapping
d : X ×X → [0,∞) satisfies:

(RbM1) d(x, y) = 0 if and only if x = y

(RbM2) d(x, y) = d(y, x) for all x.y ∈ X

(RbM3) there exists a real number s ≥ 1 such that

d(x, y) ≤ s[d(x, u) + d(u, v) + d(v, y)]

(Rectangular inequality)

for all x, y ∈ X and all distinct pints u, v ∈ X and each of
them different from x and y. Then d is called a rectangular
b-metric on X and the pair (X, d) is a rectangular b-metric
space (in short RbMS) and with coefficient s.

2.6. Relationships Between Metric, b-Metric space, Rect-
angular Metric, and rectangular b- Metric Spaces

Every metric space is a rectangular metric space (generalized
metric space, g.m.s.), and every rectangular metric space is a
rectangular b-metric space with coefficient s = 1. However,
the converse is not necessarily true (see example 1).

Furthermore, every metric space is a b-metric space, and every
b-metric space is a rectangular b-metric space. Additionally,
every b-metric space with coefficient s is a rectangular
b-metric space with coefficient s2, but the converse is not
necessarily true (see example 1).

Thus, we have the following diagram.

Metric space b-Metric space

Rectangular metric space Rectangular b-metric space

where arrows stand for inclusions. The inverse inclusions do
not hold.

Limitation of the converse statement:

While it is established that every metric space is a rectangular
metric space and every rectangular metric space is a rectan-
gular b-metric space (with coefficient s = 1), the converses
of these statements do not always hold. That is, there
exist rectangular b-metric spaces that are not rectangular
metric spaces, and b-metric space that are not metric spaces.
Similarly, although every b-metric space with coefficient s is
a rectangular b-metric space with coefficient s2, the reverse
implication does not necessarily hold. This means that there
exist rectangular b-metric spaces with coefficient s2 that do
not satisfy the conditions of a b-metric space with coefficient s.

Example 1. [12] Let X = A∪B, where A = { 1
n
: n ∈ N} and

B is the set of all positive integers. We define d : X ×X →
[0,∞) such that d(x, y) = d(y, x) for all x, y ∈ X and

d(x, y) =


0 if x = y

2α if x, y ∈ A
α
2n

if x ∈ A and y ∈ {2, 3}
α otherwise

where α > 0 is a constant. Then (X, d) is a rectangular b
metric space with coefficient, s = 2 > 1. But converse is not
true.

2.7. Fixed Point Theory and Contractions

Fixed point [19]: A point x ∈ X is a fixed point of a mapping
f : X → X if f(x) = x.

Lipschitz Mapping [20]: A mapping f is a Lipschitz mapping
if there exists k ≥ 0 such that

d(f(x), f(y)) ≤ kd(x, y) for all x, y ∈ X

Banach Contraction Principle: [21] If X is a complete metric
space and T : X → X is a contraction mapping (i.e. there
exists k ∈ [0, 1) such that d(Tx, Ty) ≤ kd(x, y)), then T
has a unique fixed point x0 in X, and for each x ∈ X, the
sequence Tn(x) converges to x0.

3. Main Theorem

The following theorem provides an analogue of Chatterjeea’s
contraction principle within the framework of rectangular
b-metric space.

Theorem 2. Let (X, d) be a complete rectangular b-metric
space with s > 1 and T : X → X be a mapping satisfying

d(Tx, Ty) ≤ k [d(x, Ty) + d(y, Tx)] (1)

for all x, y ∈ X, where k ∈
[
0,

1

s+ 1

]
. Then T has a unique

fixed point.
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Proof. Let x0 be arbitrary point in X. We define a sequence
{xn} in X by

xn+1 = Txn = Tn+1x0

for all n ≥ 0. We have to show that {xn} is Cauchy sequence.
If xn+1 = xn, then xn is fixed point of T .

So, Assume that xn ≠ xn+1 for all n ≥ 0. Setting
d(xn, xn+1) = dn, it follows from (1) that

d(xn, xn+1) = d(Txn−1, Txn)

≤ k [d(xn−1, Txn) + d(xn, Txn−1)]

= k [d(xn−1, xn+1) + d(xn, xn)]

≤ k [d(xn−1, xn) + d(xn, xn+1)]

So,

d(xn, xn+1) ≤ k

1− k
d(xn−1, xn)

= β d(xn−1, xn)

where, β =
k

1− k
<

1

s

(
as k <

1

1 + s

)
Repeating this process, we obtain

d(xn, xn+1) ≤ βn d(x0, x1)

i.e. dn ≤ βn d0 (2)

Also, we can assume that x0 is not a periodic point of T .
Indeed if x0 = xn. Then using (2) for any n ≥ 2. We have,

d(x0, Tx0) = d(xn, Txn)

d(x0, x1) = d(xn, xn+1)

d0 = dn ≤ βn d0

a contradiction. Therefore we must have d0 = 0 i.e. x0 = x1

and so x0 is a fixed point of T .

Now, we assume that xn ≠ xm for all distinct n,m ∈ N.
Again using (1) and (2), for any n ∈ N. We get,

d(xn, xn+2) = d(Txn−1, Txn+1)

≤ k [d(xn−1, Txn+1) + d(xn+1, Txn−1)]

≤ k [d(xn−1, xn+2) + d(xn+1, xn)]

≤ k [d(xn−1, xn) + d(xn, xn+1) + d(xn+1, xn+2)

+d(xn+1, xn)]

= k [dn−1 + dn + dn+1 + dn]

= k [dn−1 + 2dn + dn+1]

≤ k [βn−1 d0 + 2βn d0 + βn+1 d0]

= k βn−1 [1 + 2β + β2] d0

= α βn−1 d0

where α = k (1 + β)2 > 0

Therefore

d(xn, xn+2) ≤ α βn−1 d0 (3)

For the sequence {xn}, we consider

d(xn, xn+p) in two cases

If p is odd say 2m+ 1, Then using (2), we obtain

d(xn, xn+2m+1)

≤ s [d(xn, xn+1) + d(xn+1, xn+2)

+d(xn+2, xn+2m+1)]

≤ s [dn + dn+1] + s
2
[d(xn+2, xn+3)

+d(xn+3, xn+4) + d(xn+4, xn+2m+1)]

≤ s [dn + dn+1] + s
2
[dn+2 + dn+3]

+s
3
[dn+4 + dn+5] + · · · + s

m
dn+2m−2

+s
m

dn+2m−1 + s
m

d(xn+2m, xn+2m+1)

≤ s [β
n
d0 + β

n+1
d0]

+s
2
[β

n+2
d0 + β

n+3
d0]

+s
3
[β

n+4
d0 + β

n+5
d0]

+ · · · + s
m

β
n+2m−2

d0

+s
m

β
n+2m−1

d0 + s
m

dn+2m

= s β
n
[1 + s β

2
+ s

2
β
4
+ · · ·

+s
m−1

β
2(m−1)

]d0

+s β
n+1

[1 + sβ
2
+ s

2
β
4
+ · · ·

+s
m−1

β
2(m−1)

]d0

+s
m

β
n+2m

d0

= sβ
n

[
1 − (sβ2)m−1

1 − sβ2

]
(1 + β)d0

+(sβ)
m
β
n+m

d0

≤
1 + β

1 − sβ2
sβ

n
d0 + β

n+m
d0(

∵ sβ
2
< 1 and β <

1

s

)
Therefore,

d(xn, xn+2m+1) ≤
1 + β

1− sβ2
sβnd0 + βn+md0 (4)

If p is even say 2m. Then, using (2) and (3), we obtain

d(xn, xn+2m) ≤ s [d(xn, xn+1)

+d(xn+1, xn+2) + d(xn+2, xn+2m)]

≤ s [dn + dn+1] + s
2
[d(xn+2, xn+3)

+d(xn+3, xn+4) + d(xn+4, xn+2m)]

≤ s [dn + dn+1] + s
2
[dn+2 + dn+3]

+s
3
[dn+4 + dn+5] + · · ·

· · · + s
m−1

[dn+2m−4 + dn+2m−3]

+s
m−1

d(xn+2m−2, xn+2m)

≤ s [β
n
d0 + β

n+1
d0] + s

2
[β

n+2
d0 + β

n+3
d0]

+s
3
[β

n+4
d0 + β

n+5
d0] + · · ·

+s
m−1

[β
n+2m−4

d0 + β
n+2m−3

d0]

+s
m−1

αβ
n+2m−3

d0

= s β
n
[1 + s β

2
+ s

2
β
4
+ · · · ]d0

+s β
n+1

[1 + sβ
2
+ s

2
β
4
+ · · · ]d0

+s
m−1

αβ
n+2m−3

d0

≤
1 + β

1 − sβ2
sβ

n
d0 + s

m−1
αβ

n+2m−3
d0

So,

d(xn, xn+2m) ≤
1 + β

1− sβ2
sβnd0 + sm−1αβn+2m−3d0

<
1 + β

1− sβ2
sβnd0 + α(sβ)2mβn−3d0

( as s > 1)

≤
1 + β

1− sβ2
sβnd0 + αβn−3d0 ( as β ≤

1

s
)

Therefore,

d(xn, xn+2m) ≦
1 + β

1− sβ2
sβnd0 + αβn−3d0 (5)

It follows from (3) and (4) that
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lim
n→∞

d(xn, xn+p) = 0 for all p > 0 (6)

Thus the sequence {xn} is a Cauchy sequence in X.

By completeness of (X, d), There exists u ∈ X such that

lim
n→∞

xn = u (7)

We have to show that u is a fixed point of T . Again for any
n ∈ N, we have,

d(u, Tu) ≤ s[d(u, xn) + d(xn, xn+1) + d(xn+1, Tu)]

= s[d(u, xn) + dn + d(Txn, Tu)]

≤ s[d(u, xn) + dn + k[d(xn, Tu) + d(u, Txn)]]

= s[d(u, xn) + dn + kd(xn, Tu) + kd(u, xn+1)]

≤ s[d(u, xn) + βnd0 + kd(xn, Tu) + kd(u, xn+1)]

using (6), (7) and the fact that k <
1

1 + s
, it follows from the

above inequality that

d(u, Tu) ≤ s k d(u, Tu)

It must be d(u, Tu) = 0 i.e. Tu = u

Thus u is a fixed point of T .

Uniqueness: Let v be another fixed point of T in X then
Tv = v. Assume that u ≠ v,Then it follows from contraction
that

d(u, v) = d(Tu, Tv)

≤ k[d(u, Tv) + d(v, du)]

= k[d(u, v) + d(v, u)]

= 2k d(u, v)

The above inequality is possible only if

d(u, v) = 0 =⇒ u = v

Hence, fixed point is unique.

The following is an example of Theorem 2.

Example 2. Let X = R be the set of real numbers and define
the distance function d : X ×X → [0,∞) by

d(x, y) =

{
|x− y| if x ̸= y

0 if x = y

Define a mapping T : X → X defined by T (x) = x
2

Then

1. (X, d) is a rectangular b-metric space with coefficient
s = 1.

2. T satisfies the Chatterjea contraction condition with k =
1
3
, where x = 2 & y = 0

3. T has unique fixed point x = 0

4. Let point x0 ∈ X, define a sequence {xn} by xn+1 = Txn.
Then {xn} converges to the fixed point of T .

4. Conclusions

In this paper, a Chatterjea-type fixed point theorem is proved
in rectangular b-metric spaces, addressing an open question
raised by Reny George, S. Radenovic, K. P. Reshma, and
S. Shukla. Several existing results in fixed point theory are
generalized and unified by this result.
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