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Abstract
In this paper, we study convergence of Jungck-Schaefer iterative scheme to the common fixed point of generalized enriched
contractions. Some novel general class of enriched contractive definitions called enriched-Jungck contractions are presented and
we study the existence and uniqueness of common fixed points for these class of mappings in Banach spaces using Jungck-
Schaefer iterative techniques. Our results unify, generalize and extend some recently announced related results in literature.
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1. Introduction
Given a complete metric space (M,d) and a self-mapping

P onM such that:

d(Pu, Pv) ≤ ad(u, v) ∀ u, v ∈M, a ∈ [0, 1) fixed.
(1.1)

The operator P in (1.1) above is called an a-contraction (or
Banach contraction). Banach in his celebrated result proved
that Picard iteration converges to the unique fixed point of
P inM see [1].

Motivated by Banach’s work, Rakotch [2], generalized
Banach’s assertion by introducing a monotone decreasing
function α : (0,∞) → [0, 1) such that, for each u, v ∈
B, u ̸= v,

d(Gu,Gv) ≤ α(d(u, v)) (1.2)

Kannan [3] claimed that G need not be continuous to have
fixed point, but compensated for this using the following
more robust contraction definitions: There exists a ∈ [0, 12 )
such that

d(Gu,Gv) ≤ a[d(u,Gu) + d(v,Gv)], ∀ u, v ∈ B. (1.3)

Over the years, there have been several generalizations
and extensions of classical Banach’s fixed point theorem.

Jungck [4]moved a step further by introducing the notion
of common fixed point of mappings S,G :M →M defined
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on a complete metric space (M,d). He employed the con-
tractive definition below:

For S,G :M →M, there exists a ∈ (0, 1) such that,

d(Gu,Gv) ≤ ad(Su, Sv), ∀ u, v ∈M, (1.4)

In generalizing inequalities (1.1) - (1.3) above and many
more related results in literature, Akram et. al [5] gave the
definition below:

Definition 1.1. [5]: “A self-map T of a metric space X is
called an A-contraction if:

d(Tx, Ty) ≤ α(d(x, y), d(x, Tx), d(y, Ty))

for all x, y ∈ X and some α ∈ (A), where (A) is the set of
all functions α : R3

+ → R+ satisfying:
i)α is continuous on the setR3

+ (with respect to Euclidean
metric on R3 );

ii) if any of the conditions a ≤ α(a, b, b), or a ≤ α(b, b, a),
or a ≤ α(b, a, b) holds for some a, b ∈ R+, then there exists
k ∈ [0, 1) such that a ≤ kb.”

Olatinwo andOmidire [6] extended results in [1] and [5] by
proving some common fixed point theorems for the below
general class of mapping:

Definition 1.2. [6]: “Let (X, d) be a metric space and T, S :
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X → X such that

d(Tx, Ty) ≤ φ(d(Sx, Sy), d(Sx, Tx), d(Sy, Ty),

[d(Sx, Tx)]r[d(Sy, Tx)]pd(Sx, Ty),

d(Sy, Tx)[d(Sx, Tx)]m)

∀ x, y ∈ X; r, p,m ∈ R+ (1.5)

and that (1.5) is satisfied by the set of all functions
φ : R5

+ → R+ such that:
(i) φ is continuous on the set R5

+ (with respect to Eu-
clidean metric on R5 );

(ii) if any of the conditions a ≤ φ(a, b, b, b, b), or a ≤
φ(b, b, a, b, b), or a ≤ φ(b, b, a, c, c) holds for some a, b, c ∈
R+, then there exists a constant k ∈ [0, 1) such that a ≤ kb.

However, Berinde and Pacurar [7] introduced the con-
cept; enrichment of non-linear mappings, called an en-
riched contractions which includes, amongst many others;
a-contraction.
Definition 1.3. [7]: “Let (Y, ||.||) be a normed linear space.
An operator P : Y → Y is called enriched contraction if
∃ c ∈ [0,∞), and β ∈ [0, c+ 1) such that

||c(x− y) + Tx− Ty|| ≤ β||x− y||, ∀ x, y ∈ Y ” (1.6)

In [7], it was shown that any contractive condition (1.6)
reduced to (1.1) if c = 0. (See example 1 of [7] for details).
Definition 1.4. [4]: Let M be a complete metric space,
and suppose G,U : M → M. For v0 ∈ M, sequence
{Uvn}∞n=0 ⊂M generated by

Uvn+1 = Gvn, n ≥ 0,

is called Jungck’s iterative process.
Using idea of Jungck, many authors have improved on the

existing iterative techniques.
Definition 1.5. [8, 9]: “LetB be aBanach space, and the pair
of operators U,G : B → B. For any v0 ∈ B, the sequence
{Uvn}∞n=0, defined by

Uvn+1 = (1− c)Uvn + cGvn, n ≥ 0, c ∈ (0, 1). (1.7)

is called Jungck-Schaefer iteration.”
For more on Jungck-type iterative algorithms, interested

reader can see [8, 10, 11, 12, 13, 14] and references therein.
In this paper, we give extensions of the celebrated re-

sults of Jungck [4] using enriched contraction definitions, re-
cently announced in [7] in line with generalizations given
in the papers [6] and [5] by presenting some general class of
enriched contractive definitions called enriched-Jungck con-
tractions and study the existence and convergence of Jungck-
Schaefer iterative techniques (as introduced in [14]) to a
unique common fixed point of these class of mappings satis-
fying commuting and compatible conditions.

The following are vital tools in obtaining our results:
Definition 1.6. [15]: “Consider a function ψ : R+ → R+

satisfying:
(a) ψ is monotone increasing i.e t1 ≤ t2

=⇒ ψ(t1) ≤ ψ(t2);
(b) ψn(t) converges to 0 as n→ ∞ for all t ∈ R+;
(c)

∑∞
n=0 ψ

n(t) converges for all t ≥ 0.”

Remark 1.7. (i) A function ψ satisfying (a) and (b) in defini-
tion 1.6 above is said to be a comparison function.

(ii) A function ψ satisfying (a) and (c) in definition 1.6
above is said to be a (c)- comparison function.

(iii) Any comparison function satisfies ψ(0) = 0.

2. Preliminary results
Definition 2.1. Let (L, ||.||) be a normed linear space. An
Operator P : L → L is said to be a generalized enriched
Jungck-contraction if for any c ∈ [0,∞) and a function ϕ
with ϕ(t) ∈ [0, c+ 1), there is a mapQ : L → L, such that
∀ x, y ∈ L we have

||c(Qx−Qy)

+Px− Py|| ≤ ϕ[||Qx−Qy||,
||Qx− Px||, ||Qy − Py||,
(||Qx− Px||)r(||Qy − Px|)p

(||Qx− Py||), ||Qy − Px||
(||Qx− Px||)m],

∀ x, y ∈ L, r,m, p ∈ R+. (2.1)

and ϕ is a function defined by ϕ : R5
+ → R+ such that:

(i) ϕ is continuous on the set R5
+ (with respect to Eu-

clidean metric on R5 );
(ii) if any of the conditions f ≤ ϕ(f, g, g, g, g), or f ≤

ϕ(g, g, f, g, g), or f ≤ ϕ(g, g, f, h, h) holds for some f, g, h
inR+, then there exists a constant k ∈ (0, 1) such that f ≤
k(g).

The next definition is a generalization of Definition 2.1 us-
ing a c-comparison function (Definition 1.6).

Definition 2.2. Let (L, ||.||) be a normed linear space. A
mapping P : L → L is said to be a generalized enriched
ψ− Jungck-contraction if for any c ∈ [0,∞), and a function
ϕ with ϕ(t) ∈ [0, c + 1), there is a map Q : L → L, such
that ∀ x, y ∈ L we have

||c(Qx−Qy)

+Px− Py|| ≤ ϕ[||Qx−Qy||, ||Qx− Px||,
||Qy − Py||, (||Qx− Px||)r

(||Qy − Px||)p

(||Qx− Py||), ||Qy − Px||
(||Qx− Px||)m],

∀ x, y ∈ L, r,m, p ∈ R+. (2.2)

and ϕ is a function defined by ϕ : R5
+ → R+ such that:

(i) ϕ is continuous on the set R5
+ (with respect to Eu-

clidean metric on R5 );
(ii) if any of the conditions f ≤ ϕ(f, g, g, g, g), or

f ≤ ϕ(g, g, f, g, g), or f ≤ ϕ(g, g, f, h, h) holds for some
f, g, h in R+, then there exists a positively homogeneous c-
comparison function ψ : R+ → R+ such that f ≤ ψ(g).

Definition 2.3. Let (L, ||.||) be a normed linear space. A
mapping P : L → L is said to be a generalized enriched
Jungck-contraction if for any c ∈ [0,∞) and a function ϕ
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with ϕ(t) ∈ [0, c + 1), there is a mappingQ : L → L, such
that ∀ u, v ∈ L we have

||c(Qu−Qv) + Pu− Pv|| ≤ϕ[||Qu−Qv||, ||Qu− Pu||,
||Qv − Pv||], ∀ u, v ∈ L.

and ϕ is a function defined by ϕ : R3
+ → R+ such that:

(i) ϕ is continuous on the set R3
+ (with respect to Eu-

clidean metric on R3 );
(ii) if any of the conditions f ≤ ϕ(f, g, g), or f ≤

ϕ(g, f, g), or f ≤ ϕ(g, g, f) holds for some f, g in R+, then
there exists a constant k ∈ (0, 1) such that f ≤ k(g).
Definition 2.4. Let (L, ||.||) be a normed linear space. A
mapping P : L → L is said to be an enriched ψ− Jungck
contraction if for any c ∈ [0,∞), and function ϕ with
ϕ(b) ∈ [0, c + 1), there is a map Q : L → L, such that
∀ u, v ∈ L we have

||c(Qu−Qv) + Pu− Pv|| ≤ϕ[||Qu−Qv||, ||Qu− Pu||,
||Qv − Pv||], ∀ u, v ∈ L.

and ϕ is a function defined by ϕ : R3
+ → R+ such that:

(i) ϕ is continuous on the set R3
+ (with respect to Eu-

clidean metric on R3 );
(ii) if any of the conditions f ≤ ϕ(f, g, g), or f ≤

ϕ(g, f, g), or f ≤ ϕ(g, g, f) holds for some f, g in R+, then
there exists a positively homogeneous c-comparison func-
tion ψ : R+ → R+ such that f ≤ ψ(g).
Example 2.5. Let X = [0, 2] be endowed with the usual
norm. And let P,Q be self maps on X, defined as P (u) =
2u2 + u; Q(u) = u, ∀ u ∈ X.

We have,

|Pu− Pv| = |(2u2 + u)− (2v2 + v)|
= |2u2 − 2v2 − v + u|
= |2(u2 − v2) + (u− v)|
= |2(u+ v)(u− v) + (u− v)|
= |(2(u+ v) + 1)(u− v)|
= (2(u+ v) + 1)|(u− v)|
= (2(u+ v))|Qu−Qv|.

Clearly, for all u, v ∈ X, |Pu− Pv| ≥ |Qu−Qv|.
Hence, P with respect toQ is not a Jungck contraction.
But, P is a generalized enriched Jungck contraction; as

shown below:
Choose c = 1, r = p = m = 0 and define ϕ as

ϕ(a, b, c, d, e) = a+ b+ c+ d+ e, ∀ a, b, c, d, e ∈ R+.

Then

|c(Qu−Qv)

+Pu− Pv| = |Qu−Qv + Pu− Pv|
= |Pu−Qv +Qu− Pv|
≤ |Pu−Qv|+ |Qu− Pv|
≤ |Pu−Qv|+ |Qu− Pv|+

|Qu−Qv|+ |Qu− Pu|+ |Qv − Pv|
≤ ϕ(|Pu−Qv|, |Qu− Pv|,

|Qu−Qv|, |Qu− Pu|, |Qv − Pv|).

That is,P with respect toQ is a generalized enriched Jungck
contraction.
Remark 2.6. (i) If c = 0, Definition 2.1 above reduces to Defi-
nition 1.2 (with d(x, y) = ||x− y||), see [6]

(ii) If ψ = k (a constant) then Definition 2.2 becomes Def-
inition 2.1.
Remark 2.7. LetX be a convex subset of a linear spaceL and
P a self map on X. If there is an identity map Q : X →
X. Then for any λ ∈ (0, 1), the set of all fixed points of a
mapping Pλ : X → X given by Pλ(x) = (1− λ)Qx+ λPx
coincides with Fix(Q). Also the set of all fixed points of a
mapping

(Pλ, Q) : X → X

given by Jungck-Schaefer iterative sequence

Qun+1 = (1− λ)Qun + λPun, (2.3)

coincides with Jungck iteration

Qun+1 = Pλun, n ≥ 0, i.e F ix(Pλ) = Fix(Q).

Lemma 2.8. (Analogue of Jungck’s fixed point theorem) Suppos-
ingD is a nonempty, closed subset of a Banach spaceB, and letP
be a mapping fromD toD. If there exists a continuous, selfmap
Q onD which commutes with P and P (D) ⊂ Q(D) satisfies

||Px−Py|| ≤ k||Qx−Qy||, ∀ x, y ∈ D, k ∈ [0, 1) (2.4)

Then, P andQ have a unique common fixed point inD.

The following definitions and results shall be required in
Section 4.
Let (N, || · ||) be a normed linear space.

Definition 2.9. [16] “Two self-mappings P andQ onX are
weakly commuting if

||PQx−QPx|| ≤ ||Px−Qx||, ∀ x ∈ X.

Definition 2.10. [17] “SelfmappingsP andQ onX are com-
patible if and only if

lim
n→∞

||PQxn −QPxn|| = 0

whenever {xn} is a sequence inX, such that

lim
n→∞

P (xn) = lim
n→∞

Q(xn) = w

for some w ∈ X.

Remark 2.11. (i) Definition (2.10) was originally given inmet-
ric space settings. Since metric is induced by the norm (i.e
d(x, y) = ||x− y||), it is adapted to a normed space settings.
(ii) Commutingmappings are weakly commuting and the re-
verse is not true, see [17] for example.

(iii) Weakly commuting mappings are compatible, but
compatible mappings may not be weakly commuting see
[17] for illustration.

Lemma 2.12. [16, 17]: “Let P and Q be two compatible self-
mappings on Banach spaceB.
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• If Px∗ = Qx∗, then PQx∗ = QPx∗.
• Assume that limn→∞ Pxn = limn→∞Qxn = w for
some w ∈ B.
(a) If P is continuous at w, then

lim
n→∞

QPxn = Pw.

IfQ is continuous at w, then

lim
n→∞

PQxn = Qw.

(b) If P andQ are continuous at w, then

Pw = Qw and QPw = PQw.

Theorem 2.13. [16] “Let (B, || · ||) be a Banach space andP,Q :
B → B be two mappings for which exist c ∈ (0,+∞] and θ ∈
[0, c+ 1), such that

||c(u− v)+Pu−Pv|| ≤ θ||Qu−Qv||, ∀ u, v ∈ B. (2.5)

If the below conditions are satisfied:

• Pλ andQ are compatible mappings, where

Pλ(u) = (1− λ)un + λPun, n ≥ 0,

• Pλ andQ are continuous,

then

• Fix(P ) = Fix(Q) = {x};
• there exists λ ∈ (0, 1], so that the iterative sequence
{Qun+1}∞n=0 converges strongly to x. ”

Remark 2.14. (i) Definition 2.3 generalizes 2.5.
i.e, ifϕ[||Qx−Qy||, ||Qx−Px||, ||Qy−Py||] = θ||Qx−Qy||
then Definition 2.3 reduces to inequality 2.5.

(ii) If ϕ[||Qx − Qy||, ||Qx − Px||, ||Qy − Py||, (||Qx −
Px||)r(||Qy − Px||)p(||Qx − Py||), ||Qy − Px||(||Qx −
Px||)m] = θ||Qu−Qv||,Definition 2.1 reduces to inequality
2.5.

3. Main results
Theorem 3.1. Let (B, ||.||) be a Banach space andP,Q : B →
B be commuting mappings satisfying Definition 2.1. IfQ is contin-
uous and P (B) ⊆ Q(B), then:

(i) Pλ andQ have a unique common fixed point u∗ ∈ B;

(ii) There exists λ ∈ (0, 1] such that the Jungck-Schaefer itera-
tion {Qun}∞n=0, defined by 2.3 converges to u∗, for any u0 ∈ B.

Proof: Since c ≥ 0, there are two possible cases (i.e c = 0 and
c > 0).

Case 1: For c = 0, inequality 2.1 reduces to 1.5 of the author
in [6] and the prove follows the same argument of Theorem (2.1) in
[6].

Case 2: When c > 0. Considering sequence defined by 2.3 and
for λ = 1

c+1 , we have that

c =
1− λ

λ
, (3.1)

then ∀ u, v ∈ B, inequality 2.1 becomes

||1− λ

λ
(Qu−Qv)

+Pu− Pv|| ≤ϕ[||Qu−Qv||, ||Qu− Pu||,
||Qv − Pv||, (||Qu− Pu||)r

(||Qv − Pu||)p(||Qu− Pv||),
||Qv − Pu||(||Qu− Pu||)m]

||1− λ(Qu−Qv)

+λPu− λPv|| = ||(1− λ)Qu+ λPu

−(1− λ)Qv + λPv||
= ||Qun+1 −Qvn+1||
= ||Pλun − Pλvn||

≤ λ
(
ϕ[||Qu−Qv||, ||Qu− Pu||,

||Qv − Pv||,
(||Qu− Pu||)r(||Qv − Pu||)p

(||Qu− Pv||),

||Qv − Pu||(||Qu− Pu||)m]
)
.

(3.2)

Now, considering Jungck-Schaefer iterative process {Qun}∞n=0

defined by (2.3), which actually coincides with Jungck iteration as-
sociated with Pλ andQ i.e.

Qun = Pλun−1,

let v = un and u = un−1, so

||Qun −Qun+1|| =||Pλun−1 − Pλun||

≤λ
(
ϕ[||Qun−1 −Qun||,

||Qun−1 − Pλun−1||, ||Qun − Pλun||,
(||Qun−1 − Pλun−1||)r

(||Qun − Pλun−1||)p

(||Qun−1 − Pλun||),
||Qun − Pλun−1||

(||Qun−1 − Pλun−1||)m]
)

=λ
(
ϕ[||Qun−1 −Qun||, ||Qun−1 −Qun||,

||Qun −Qun+1||,
(||Qun−1 −Qun||)r(||Qun −Qun||)p

(||Qun−1 −Qun+1||),

||Qun −Qun||(||Qun−1 −Qun||)m]
)

=λ
(
ϕ[||Qun−1 −Qun||, ||Qun−1 −Qun||,

||Qun −Qun+1||, 0, 0]
)

≤λ× k
(
||Qun−1 −Qun||

)
, (3.3)

i.e
||Qun −Qun+1|| ≤ µ(||Qun−1 −Qun||), (3.4)

where µ = λ× k < 1.
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Inductively from (3.4) we have

||Qun −Qun+1|| ≤ µ(||Qun−1 −Qun||)
≤ µ2(||Qun−2 −Qun−1||)
≤ µ3(||Qun−3 −Qn−2||)
≤ µn(||Qu0 −Qu1||),

i.e

||Qun −Qun+1|| ≤ µn(||Qu0 −Qu1||). (3.5)

By repeated application of triangle inequality on (3.5), for any p ∈
N we have:

||Qun −Qun+p|| ≤ µn(1− µp)

1− µ

(||Qu0 −Qu1||) → 0,

as n→ ∞ (0 ≤ µ = λ× k < 1)

(3.6)

Hence, {Qun}∞n=0 is a Cauchy sequence in Banach space
B, then, there exists u∗ ∈ B such that

lim
n→∞

Qun = lim
n→∞

Pλun−1 = u∗.

With continuity of Q and commutativity of P and Q, we
have the following:

Qu∗ = Q( lim
n→∞

Qun) = lim
n→∞

S2un (3.7)

Qu∗ = Q( lim
n→∞

Tλun) = lim
n→∞

(QPλun) = lim
n→∞

(PλQun).

(3.8)
Thus, with un = Qun and vn = u∗ in inequality (3.2) we
have

||Pλ(Qun)− Pλu
∗|| ≤λ

(
ϕ[||Q2un −Qu∗||,

||Q2un − Pλ(Qun)||, ||Qu∗ − Pλu
∗||,

(||Q(Qun)− Pλ(Qun)||)r

(||Qu∗ − Pλ(Qun)||)p

(||Q(Qun)− Pλu
∗||),

||Qu∗ − Pλ(Qun)||

(||Q(Qun)− Pλ(Qun)||)m]
)
.

=λ
(
ϕ[||Q2un −Qu∗||,

||Q2un − Pλ(Qun)||, ||Qu∗ − Pλu
∗||,

(||Q2un − Pλ(Qun)||)r

(||Qu∗ − Pλ(Qun)||)p

(||Q2un − Pλu
∗||),

||Qu∗ − Pλ(Qun)||

(||Q2un − Pλ(Qun)||)m]
)
. (3.9)

Applying (3.7) and (3.8) into (3.9), as n→ ∞ gives

||Qu∗ − Pλu
∗|| ≤λ

(
ϕ[||Qu∗ −Qu∗||,

||Qu∗ −Qu∗||, ||Qu∗ − Pλu
∗||,

(||Qu∗ −Qu∗)||)r

(||Qu∗ −Qu∗)||)p(||Qu∗ − Pλu
∗||),

||Qu∗ −Q∗
u||(||Qu∗ −Qu∗)||)m]

)
=λ

(
ϕ[0, 0, ||Qu∗ − Pλu

∗||, 0, 0]
)

≤λ× k(0) = 0.

Therefore, we haveQu∗ = Pλu
∗.

And again, with vn = u∗ in inequality (3.2), we also have

||Pλun − Pλu
∗|| ≤λ

(
ϕ[||Qun −Qu∗||,

||Qun − Pλun)||, ||Qu∗ − Pλu
∗||,

(||Qun − Pλun)||)r

(||Qu∗ − Pλun)||)p(||Qun − Pλu
∗||),

||Qu∗ − Pλun||(||Qun − Pλun||)m]
)
.

Taking limit as n→ ∞ gives

||u∗ − Pλu
∗|| ≤λ

(
ϕ[||u∗ −Qu∗||,

||u∗ − u∗||, ||Qu∗ − Pλu
∗||,

(||u∗ − u∗||)r(||Qu∗ − u∗||)p

(||u∗ − Pλu
∗||), ||Qλu

∗ − u∗||

(||u∗ − u∗)||)m]
)

=λ
(
ϕ[||u∗ − Pλu

∗||, 0, 0, 0, 0]
)

≤λ× k(0)

=0.

This implies that, u∗ = Pλu
∗.

Hence,
Qu∗ = Pλu

∗ = u∗.

Now, we prove the uniqueness of this common fixed point.
Suppose not, then there exists u∗ ∈ B, such that
Qu∗ = Pλu

∗ = u∗, Qv∗ = Pλv
∗ = v∗,

||u∗ − v∗|| =||Pλu
∗ − Pλv

∗||

≤λ
(
ϕ[||Qu∗ −Qv∗||,

||Qu∗ − Pλu
∗||, ||Qv∗ − Pλv

∗||,
(||Qu∗ − Pλu

∗||)r(||Qv∗ − Pλu
∗||)p

(||Qu∗ − Pλv
∗||),

||Qv∗ − Pλu
∗||(||Qu∗ − Pλu

∗||, )m]
)

=λ
(
ϕ[||u∗ − v∗||, 0, 0, 0, 0]

)
≤λ× k(0)

=0.

Therefore, u∗ = v∗
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Example 3.2. LetB = [−2, 0] be endowed with usual norm
and P,Q be self-mappings onB defined as

P (u) = u2 + 2u andQ(u) = u.

It is clear to see that

QP (u) = PQ(u) = u2+2u, ∀u ∈ B, and P (B) ⊆ Q(B).

We show that P with respect to Q does not satisfy Jungck
condition as we have below:

|Pu− Pv| = |(u2 + 2u)− (v2 + 2v)|
= |u2 − v2 − 2v + 2u|
= |(u2 − v2) + 2(u− v)|
= |(u+ v)(u− v) + 2(u− v)|
= |((u+ v) + 2)(u− v)|
= ((u+ v) + 2)|(u− v)|
= (2 + u+ v))|Qu−Qv|.

Clearly, for all u, v ∈ B, |Pu− Pv| ≥ |Qu−Qv|.
Hence, P with respect toQ is not a Jungck contraction.
However, define ϕ as

ϕ(a, b, c, d, e) = a+ b+ c+ d+ e, ∀ a, b, c, d, e ∈ R+,

and choose c = 1, then by following similar argument in
Example 2.5, it easy to see that P with respect toQ satisfies
inequality 2.1. that is,

||c(Qu−Qv)

+Pu− Pv|| ≤ ϕ
[
||Pu−Qv||,

||Qu− Pv||, ||Qu−Qv||,
||(Qu− Pu)r(||Qv − Pu||)p

(||Qu− Pv||)||,

||Qv − Pu||(||Qu− Pu||)m
]
.

And all conditions of Theorem 3.1 are met. Hence, common
fixed point of P andQ exists. Indeed,

Fix(P ) = Fix(Q) = −1.

Also, with λ = 1
2 , and u0 = −2, Jungck-Schaefer iteration

2.3 converges to the unique fixed point of P andQ

Theorem 3.3. Let (B, ||.||) be a Banach space andP,Q : B →
B be commuting and generalized enrichedψ−Jungck contraction.
IfQ is continuous and P (B) ⊆ Q(B). Then:

(i) Pλ andQ have a unique common fixed point u∗;
(ii) There exists λ ∈ (0, 1] such that the Jungck-Schaefer iter-

ation {Qun}∞n=0, defined by

Qun+1 = (1− λ)Qun + λPun, n ≥ 0 (3.10)

converges to u∗, for any u0 ∈ B.
Proof: Since c ≥ 0, we have two possible cases to consider (i.e

c = 0 and c > 0).
Case 1: For c = 0, inequality (9) reduces to Definition (1.5) of

the author in [6] and the prove follows the same argument of The-
orem (2.2) in [6].

Case 2: When c > 0. Like the prove of theorem (3.1) above, we
have

||Qun −Qun+1|| =||Pλun−1 − Pλun||

≤λ
(
ϕ[||Qun−1 −Qun||,

||Qun−1 − Pλun−1||, ||Qun − Pλun||,
(||Qun−1 − Pλun−1||)r

(||Qun − Pλun−1||)p

(||Qun−1 − Pλun||),
||Qun − Pλun−1||

(||Qun−1 − Pλun−1||)m]
)

=λ
(
ϕ[||Qun−1 −Qun||,

||Qun−1 −Qun||, ||Qun −Qun+1||,
(||Qun−1 −Qun||)r(||Qun −Qun||)p

(||Qun−1 −Qun+1||),

||Qun −Qun||(||Qun−1 −Qun||)m]
)

=λ
(
ϕ[||Qun−1 −Qun||, ||Qun−1 −Qun||,

||Qun −Qun+1||, 0, 0]
)

≤ψ(λ||Qun−1 −Qun||),
Since ψ is positively homogeneous function

i.e

||Qun −Qun+1|| ≤ ψ(λ||Qun−1 −Qun||). (3.11)

Inductively from (3.11) we have

||Qun −Qun+1|| ≤ ψ(λ||Qun−1 −Qun||)
≤ ψ2(λ||Qun−2 −Qun−1||)
≤ ψ3(λ||Qun−3 −Qun−2||)
≤ ψn(λ||Qu0 −Qu1||),

i.e

||Qun −Qun+1|| ≤ ψn(λ||Qu0 −Qu1||) (3.12)

By repeated application of triangle inequality on (3.12), for any p ∈
N we have:

||Qun −Qun+p|| ≤
n+p−1∑
k=n

ψk(λ||Qu0 −Qu1||)

=

n+p−1∑
k=0

ψk(λ||Qu0 −Qu1||)

−
n−1∑
k=0

ψk(λ||Qu0 −Qu1||). (3.13)

Now, sinceψ is a c-comparison function, it follows from (3.13) that
||Qλun −Qλun+p|| → 0 as n→ ∞.
Hence, {Qλun}∞n=0 is a Cauchy sequence in Banach space B,

then, there exists u∗ ∈ B such that

lim
n→∞

Qun = lim
n→∞

Pλun−1 = u∗.
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With continuity ofQ and commutativity of P andQ, we have the
following:

Qu∗ = Q( lim
n→∞

Qun) = lim
n→∞

Q2un (3.14)

Qu∗ = Q( lim
n→∞

Pλun) = lim
n→∞

(QPλun) = lim
n→∞

(PλQun)

(3.15)
Thus, we have

||Pλ(Qun)− Pλu
∗|| ≤λ

(
ϕ[||Q2un −Qu∗||,

||Q2un − Pλ(Qun)||, ||Qu∗ − Pλu
∗||,

(||Q(Qun)− Pλ(Qun)||)r

(||Qu∗ − Pλ(Qun)||)p

(||Q(Qun)− Pλu
∗||),

||Qu∗ − Pλ(Qun)||

(||Q(Qun)− Pλ(Qun)||)m]
)
.

=λ
(
ϕ[||Q2un −Qu∗||,

||Q2un − Pλ(Qun)||, ||Qu∗ − Pλu
∗||,

(||Q2un − Pλ(Qun)||)r

(||Qu∗ − Pλ(Qun)||)p

(||Q2un − Pλu
∗||),

||Qu∗ − Pλ(Qun)||

(||Q2un − Pλ(Qun)||)m]
)
. (3.16)

Applying (3.14) and (3.15) into (3.16), as n→ ∞ gives

||Qu∗ − Pλu
∗|| ≤λ

(
ϕ[||Qu∗ −Qu∗||,

||Qu∗ −Qu∗||, ||Qu∗ − Pλu
∗||,

(||Qu∗ −Qu∗)||)r

(||Qu∗ −Qu∗)||)p(||Qu∗ − Pλu
∗||),

||Qu∗ −Qu∗||

(||Qu∗ −Qu∗)||)m]
)
.

=λ
(
ϕ[0, 0, ||Qu∗ − Pλu

∗||, 0, 0]
)

≤ψ(λ× 0) = ψ(0) = 0.

Therefore, we haveQu∗ = Pλu
∗.

And again, we also have

||Pλun − Pλu
∗|| ≤λ

(
ϕ[||Qun −Qu∗||,

||Qun − Pλun)||, ||Qu∗ − Pλu
∗||,

(||Qun − Pλun)||)r

(||Qu∗ − Pλun)||)p(||Qun − Pλu
∗||),

||Qu∗ − Pλun||(||Qun − Pλun||)m]
)
.

Taking limit as n→ ∞ gives

||u∗ − Pλu
∗|| ≤λ

(
ϕ[||u∗ −Qu∗||,

||u∗ − u∗||, ||Qu∗ − Pλu
∗||,

(||u∗ − u∗||)r(||Qu∗ − u∗||)p

(||u∗ − Pλu
∗||), ||Qu∗ − u∗||

(||u∗ − u∗)||)m]
)

=λ
(
ϕ[||u∗ − Pλu

∗||, 0, 0, 0, 0]
)

≤ψ(λ× 0) = ψ(0) = 0.

This implies that, u∗ = Pλu
∗. Hence, Su∗ = Pλu

∗ = u∗.
Now, we prove the uniqueness of this common fixed point.
Suppose not, then there exists u∗ ∈ B, such that
Qu∗ = Pλu

∗ = u∗, Qv∗ = Pλv
∗ = v∗, we have

||u∗ − v∗|| =||Pλu
∗ − Pλv

∗||

≤λ
(
ϕ[||Qu∗ −Qv∗||,

||Qu∗ − Pλu
∗||, ||Qv∗ − Pλv

∗||,
(||Qu∗ − Pλu

∗||)r

(||Qv∗ − Pλu
∗||)p(||Qu∗ − Pλv

∗||),
||Qv∗ − Pλu

∗||

(||Qu∗ − Pλu
∗||, )m]

)
=λ

(
ϕ[||u∗ − v∗||, 0, 0, 0, 0]

)
≤ψ(λ× 0) = ψ(0) = 0.

We conclude that, u∗ = v∗

Corollary 3.4. Given a Banach space (B, ||.||) and let P,Q :
B → B be commuting and an enriched Jungck-contraction. IfQ
is continuous and P (B) ⊆ Q(B), then:

(i) Pλ andQ have a unique common fixed point u∗;
(ii) There exists λ ∈ (0, 1] such that the Jungck-Schaefer itera-

tion {Qun}∞n=0 converges to u∗, the unique common fixed point
of Pλ andQ, for any u0 ∈ B.

Proof: This follows the same line of argument of the prove of
Theorem 3.1.

Corollary 3.5. Given a Banach space (B, ||.||) and let P,Q :
B → B be commuting and an enriched ψ− Jungck-contraction.
IfQ is continuous and P (B) ⊆ Q(B). Then:

(i) Pλ andQ have a unique common fixed point u∗;
(ii) There exists λ ∈ (0, 1] such that the Jungck-Schaefer itera-

tion {Qun}∞n=0 converges to u∗, the unique common fixed point
of Pλ andQ, for any u0 ∈ B.

Proof: This follows the same line of argument of the prove of
Theorem 3.2.

The below theorems established unique common fixed
point of sequence of generalized enriched Jungck operators.

Theorem 3.6. Given a Banach space (B, ||.||), and S a contin-
uous self map operator on B. If S commute with each {Ti}ki=1 :
B → B such that Ti is a sequence of generalized enriched Jungck
contraction and Ti(B) ⊆ S(B) (for each i). Then:
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(i) All (Ti)λ and S have a unique common fixed point u∗; and
(ii) There exists λ ∈ (0, 1] such that the Jungck-Schaefer iter-

ation {Sun}∞n=0, defined by

Sun+1 = (1− λ)Sun + λTiun, n ≥ 0, (3.17)

converges to u∗, for any u0 ∈ B.
Proof: Since c ≥ 0, there are two possible cases to be considered

(i.e c = 0 and c > 0).
Case 1: For c = 0, then for each i inequality (2.1) becomes

||Tiu− Tiv|| ≤ϕ[||Su− Sv||,
||Su− Tiu||, ||Sv − Tiv||,
(||Su− Tiu||)r(||Sv − Tiu||)p

(||Su− Tiv||), ||Sv − Tiu||
(||Su− Tiu||)m].

Now, sinceTi(B) ⊆ S(B) (for each i), and by Jungck iteration,
Su1 = Tiu0 (for each i), taking any u0 ∈ B, for each i ∈ N, we
have

||T1u0 − T1u1|| ≤ϕ[||Su0 − Su1||,
||Su0 − T1u0||, ||Su1 − T1u1||,
||Su0 − T1u0||)r

(||Su1 − T1u0||)p(||Su0 − T1u1||),
||Su1 − T1u0||(||Su0 − T1u0||)m]

=ϕ[||Su0 − Su1||, ||Su0 − Su1||,
||Su1 − Su2||, (||Su0 − Su1||)r

(||Su1 − Su1||)p(||Su0 − Su2||),
||Su1 − Su1||(||Su0 − Su1||)m],

i.e

||Su1 − Su2|| ≤ϕ[||Su0 − Su1||,
||Su0 − Su1||,
||Su1 − Su2||, 0, 0]

≤k.||Su0 − Su1||

Also,

||Su2 − Su3|| ≤ϕ[||Su1 − Su2||,
||Su1 − Su2||,
||Su2 − Su3||, 0, 0]

≤k.||Su1 − Su2||
=k2.||Su0 − Su1||,

continue this way, we have

||Tiun−1 − Tiun|| =||Sun − Sun+1||
≤ϕ[||Sun−1 − Sun||,
||Sun−1 − Sun||,
||Sun − Sun+1||, 0, 0]

≤kn.||Su0 − Su1||.

That is

||Sun − Sun+1|| ≤kn.||Su0 − Su1|| → 0,

as n→ ∞.

Hence, {Sun}∞n=0 is a Cauchy sequence in B, then, there exists
u∗ ∈ B such that for each i

lim
n→∞

Sun = lim
n→∞

Tiun−1 = u∗.

With continuity of S and its commutativity with each Ti, we have
the following:

Su∗ = S( lim
n→∞

Sun) = lim
n→∞

S2un (3.18)

Su∗ = S( lim
n→∞

Tiun) = lim
n→∞

(STiun) = lim
n→∞

(TiSun)

(3.19)
Thus, using our contraction condition again with u = Sun, v =
u∗, we have, for each Ti

||Ti(Sun)− Tiu
∗|| ≤ϕ[||(S(Sun)

− Su∗||, ||S(Sun)− Ti(Sun)||,
||Su∗ − Tiu

∗||,
||S(Sxn)− Ti(Sun)||r

(||Su∗ − Ti(Sun)||)p

||S(Sun)− Tiu
∗||,

||Su∗ − Ti(Sun)||
(||S(Sun)− Ti(Sun)||)m].

Using the continuity of S and taking limits in the above together
with the application of (3.18) and (3.19) yield,

||S2un − Tiu
∗|| ≤ϕ[||S2un − Su∗||,

||S2un − Ti(Sun)||, ||Su∗ − Tiu
∗||,

(||S2un − Ti(Sun)||)r

||Su∗ − Ti(Sun)||p

||S2un − Tiu
∗||,

||Su∗ − Ti(Sun)||
(||S2un − Ti(Sun))

m],

as n→ ∞ we have,

||Su∗ − Tiu
∗|| ≤ϕ[||Su∗ − Su∗||,

||Su∗ − Su∗||, ||Su∗ − Tiu
∗||,

(||Su∗ − Su∗||)r

||Su∗ − Su∗||p||Su∗ − (Ti)λu
∗||,

||Su∗ − Su∗||(||Su∗ − Su∗||)m]

=ϕ(0, 0, ||Sx∗ − Tiu
∗||, 0, 0)

≤kn.0 = 0.

Hence, Su∗ = Tiu
∗. And this implies that Su∗ = u∗ = Tiu

∗.
Now, for the uniqueness of the fixed point. Suppose not, then

there exists u∗ ∈ B such that Tiu∗ = Su∗ = u∗, and Tiv∗ =
Sv∗ = v∗, and we have,

||u∗ − v∗|| =||Tiu∗ − Tiv
∗||

≤ϕ||Su∗ − Sv∗||,
||Su∗ − Tiu

∗||, ||Sv∗ − Tiv
∗||,

(||Su∗ − Tiu
∗||)r

||Sv∗ − Tiu
∗||p||Su∗ − Tiv

∗||,
||Sv∗ − Tiu

∗||(||Su∗ − Tiu
∗)m],
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so,

||u∗ − v∗|| ≤ϕ[||u∗ − v∗||,
||u∗ − u∗||, ||v∗ − v∗||,
(||u∗ − u∗||)r(||v∗ − u∗||)p

||u∗ − v∗||,
||v∗ − u∗||(||u∗ − u∗||)m]

=ϕ(||u∗, v∗||, 0, 0, 0, 0)
≤k.0 = 0.

Hence u∗ = v∗.

Case2: When c > 0. Considering iteration defined by
(3.17) and for λ = 1

c+1 , then we have that

c =
1− λ

λ
, (3.20)

hence, an enriched generalized Akram-Jungck contraction
becomes

||1− λ

λ
(Su− Sv)

+Tiu− Tiv|| ≤ λ
(
ϕ[||Su− Sv||,

||Su− (Ti)λu||,
||Sv − (Ti)λv||, (||Su− (Ti)λu||)r

(||Sv − Tiu||)p(||Su− Tiv||),

||Sv − Tiu||(||Su− Tiu||)m]
)
.

We have that

||(Ti)λu− (Ti)λv|| ≤λ
(
ϕ[||Sλu− Sλv||,

||Sλu− (Ti)λu||, ||Sλv − (Ti)λv||,
(||Sλu− (Ti)λu||)r

(||Sλv − (Ti)λu||)p(||Sλu− (Ti)λv||),
||Sλv − (Ti)λu||

(||Sλu− (Ti)λu||)m]
)
. (3.21)

Now, considering Jungck-Schaefer iterative process
{Sun}∞n=0, which actually coincides with Jungck iteration
associated with Tλ i.e

Sun = (Ti)λun−1.

Let u = un and v = un+1, so
||Sun −Sun+1|| = ||(Ti)λun−1 − (Ti)λun|| (for each i),

that is

||Su1 − Su2|| =||(T1)λu0 − (T1)λu1||

≤λ
(
ϕ[||Su0 − Su1||,

||Su0 − (T1)λu0||, ||Su1 − (T1)λu1||,
(||Su0 − (T1)λu0||)r

(||Su1 − (T1)λu0||)p

(||Su0 − (T1)λu1||),
||Su1 − (T1)λu0||

(||Su0 − (T1)λu0||)m]
)

=λ
(
ϕ[||Su0 − Su1||,

||Su0 − Su1||, ||Su1 − Su2||,
(||Su0 − Su1||)r(||Su1 − Su1||)p

(||Su0 − Su2||),

||Su1 − Su1||(||Su0 − Su1||)m]
)

=λ
(
ϕ[||Su0 − Su1||, ||Su0 − Su1||,

||Su1 − Su2||, 0, 0]
)

≤µ(||Su0 − Su1||)

where µ = λ× k,that is

||Su1 − Su2|| ≤ µ(||Su0 − Su1||). (3.22)

Inductively from (3.22) we have

||Sun − Sun+1|| ≤µ(||Sun−1 − Sun||)
≤µ2(||Sun−2 − Sun−1||)
≤µ3(||Sun−3 − Sun−2||)
≤µn(||Su0 − Su1||).

i.e
||Sun − Sun+1|| ≤ µn(||Su0 − Su1||). (3.23)

By repeated application of triangle inequality on (3.23), for
any p ∈ N we have:

||Sun − Sun+p|| ≤
µn(1− µp)

1− µ
(||Su0 − Su1||)

→0, as n→ ∞ (3.24)

Hence, {Sun}∞n=0 is a Cauchy sequence in Banach space B,
then, there exists u∗ ∈ B such that

lim
n→∞

Sλun = lim
n→∞

(Ti)λun−1 = u∗. (for each i)

With continuity of S and commutativity of each (Ti)λ and
S, we have the following:

Su∗ = S( lim
n→∞

Sun) = lim
n→∞

S2un, (3.25)

Su∗ = S( lim
n→∞

(Ti)λun)

= lim
n→∞

(S(Ti)λun)

= lim
n→∞

((Ti)λSun). (3.26)



10 O. J. Omidire et al.

Thus, using inequality (3.21), with u = Sun and v = u∗, we
have

||(Ti)λ(Sun)− (Ti)λu
∗|| ≤λ

(
ϕ[||S2un − Su∗||,

||S2un − (Ti)λ(Sun)||,
||Su∗ − (Ti)λu

∗||,
(||S(Sun)− (Ti)λ(Sun)||)r

(||Su∗ − (Ti)λ(Sun)||)p

(||S(Sun)− (Ti)λu
∗||),

||Su∗ − (Ti)λ(Sun)||

(||S(Sun)− (Ti)λ(Sun)||)m]
)

=λ
(
ϕ[||S2un − Su∗||,

||S2un − (Ti)λ(Sun)||,
||Su∗ − (Ti)λu

∗||,
(||S2un − (Ti)λ(Sun)||)r

(||Su∗ − (Ti)λ(Sun)||)p

(||S2un − (Ti)λu
∗||),

||Su∗ − (Ti)λ(Sun)||

(||S2un − (Ti)λ(Sun)||)m]
)
.

(3.27)

Applying (3.25) and (3.26) into (3.27), as n→ ∞ gives

||Su∗ − (Ti)λu
∗|| ≤λ

(
ϕ[||Su∗ − Su∗||,

||Su∗ − Su∗||, ||Su∗ − (Ti)λu
∗||,

(||Su∗ − Su∗)||)r(||Su∗ − Su∗)||)p

(||Su∗ − (Ti)λu
∗||),

||Su∗ − Su∗||(||Su∗ − Su∗)||)m]
)

=λ
(
ϕ[0, 0, ||Sλu

∗ − (Ti)λu
∗||, 0, 0]

)
≤µ(0) = 0.

Therefore, we have Sλu
∗ = (Ti)λu

∗.

And again by inequality (3.21), we also have

||(Ti)λun − (Ti)λu
∗|| ≤λ

(
ϕ[||Sun − Su∗||,

||Sun − (Ti)λun)||,
||Su∗ − (Ti)λu

∗||,
(||Sun − (Ti)λun)||)r

(||Su∗ − (Ti)λun)||)p

(||Sun − (Ti)λu
∗||),

||Su∗ − (Ti)λun||

(||Sun − (Ti)λun||)m]
)
.

Taking limit as n→ ∞ gives

||u∗ − (Ti)λu
∗|| ≤λ

(
ϕ[||u∗ − Su∗||, ||u∗ − u∗||,

||Su∗ − (Ti)λu
∗||, (||u∗ − u∗||)r

(||Su∗ − u∗||)p

(||u∗ − (Ti)λu
∗||), ||Su∗ − u∗||

(||u∗ − u∗)||)m]
)

=λ
(
ϕ[||u∗ − (Ti)λu

∗||, 0, 0, 0, 0]
)

≤µ(0) = 0.

This implies that, u∗ = (Ti)λu
∗.

Hence,
Su∗ = (Ti)λu

∗ = u∗.

Now, we prove the uniqueness of this common fixed point.
Suppose not, then there exists u∗ ∈ B, such that
Su∗ = (Ti)λu

∗ = u∗, Sv∗ = (Ti)λv
∗ = v∗, we have the

following:

||u∗ − v∗|| = ||(Ti)λu∗ − (Ti)λv
∗||

≤ λ
(
ϕ[||Su∗ − Sv∗||,

||Su∗ − (Ti)λu
∗||,

||Sv∗ − (Ti)λv
∗||,

(||Su∗ − (Ti)λu
∗||)r

(||Sv∗ − (Ti)λu
∗||)p

(||Su∗ − (Ti)λv
∗||),

||Sv∗ − (Ti)λu
∗||

(||Su∗ − (Ti)λu
∗||, )m]

)
= λ

(
ϕ[||u∗ − v∗||, 0, 0, 0, 0]

)
≤ µ(0) = 0.

Hence, u∗ = v∗

Theorem 3.7. Given a Banach space (B, ||.||) and Q a contin-
uous self map operator onB. IfQ commute with each {Pi}ki=1 :
B → B such that Pi is a sequence of generalized enriched ψ-
Jungck contraction and Pi(B) ⊆ Q(B) (for each i). Then:

(i) All (Pi)λ and S have a unique common fixed point u∗; and
(ii) There exists λ ∈ (0, 1] such that the Jungck-Schaefer iter-

ation {Qun}∞n=0, defined by

Qun+1 = (1− λ)Qun + λPun, n ≥ 0 (3.28)

converges to u∗, for any u0 ∈ B.
Proof: Just like the prove of theorem 3.5, we have two possible

cases to consider (i.e c = 0 and c > 0).
Case1: For c = 0 : Taking any u0 ∈ B, for each i ∈ N, we

have

||Piun−1 − Piun|| =||Qun −Qun+1||
≤ϕ[||Qun−1 −Qun||,
||Qun−1 −Qun||,
||Qun −Qun+1||, 0, 0]

≤ψn(||Qu0 −Qu1||).
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And using triangle inequality inductively, together with the prop-
erties of ψ, we say {Qun}∞n=0 is a Cauchy sequence in B, then,
there exists u∗ ∈ B such that for each i

lim
n→∞

Qun = lim
n→∞

Piun−1 = u∗.

And we continue just as in the prove of theorem 3.5 above.

Case2: (c > 0)We have that

||Qun −Qun+1|| = ||(Pi)λun−1 − (Pi)λun||
≤ ψ(λ||Qun−1 −Qun||)
≤ ψ2(λ||Qun−2 −Qun−1||)
≤ ψ3(λ||Qun−3 −Qun−2||)
≤ ψn(λ||Qu0 −Qu1||).

i.e.,

||Qun −Qun+1|| ≤ ψn(λ||Qu0 −Qu1||) (3.29)

Using triangle inequality inductively, together with the
properties of ψ, we say
{Qun}∞n=0 is a Cauchy sequence in Banach spaceB, then,

there exists u∗ ∈ B such that

lim
n→∞

Qλun = lim
n→∞

(Pi)λun−1 = u∗. (for each i)

The rest of the prove follows the same argument as that of
theorem 3.5 above.

Corollary 3.8. Let (B, ||.||) be a Banach space and let S be
a continuous self map operator on B. If S commute with each
{Ti}ki=1 : B → B such that Ti is a sequence of enriched Jungck-
contraction and Ti(B) ⊆ S(B) (for each i). Then:

(i) All (Ti)λ and S have a unique common fixed point u∗; and
(ii) There exists λ ∈ (0, 1] such that the Jungck-Schaefer iter-

ation {Sun}∞n=0, defined by

Sun+1 = (1− λ)Sun + λTun, n ≥ 0 (3.30)

converges to u∗, for any u0 ∈ B.

Proof : This follows the same line of argument of the
prove of theorem 3.5.

Corollary 3.9. (B, ||.||) be a Banach space and letS be a contin-
uous self map operator on B. If S commute with each {Ti}ki=1 :
B → B such that Ti is a sequence of enriched ψ-Jungck contrac-
tion and Ti(B) ⊆ S(B) (for each i). Then:

(i) All (Ti)λ and S have a unique common fixed point u∗; and
(ii) There exists λ ∈ (0, 1] such that the Jungck-Schaefer iter-

ation {Sun}∞n=0, defined by

Sun+1 = (1− λ)Sun + λTun, n ≥ 0 (3.31)

converges to u∗, for any u0 ∈ B.

Proof: This follows the same line of argument of the prove of
Theorem 3.7.

4. Approximating common fixed point of com-
patible enriched Jungck-generalized con-
tractive mappings

The remaining part of this paper focuses on the weaker
form of commuting maps for the existence and uniqueness
of common fixed point of the above discussed generaliza-
tions of enriched Jungck contractions.
Theorem 4.1. Let (B, ||.||) be a Banach space and letS be a con-
tinuous self mapping onB. IfS is compatible with each {Ti}ki=1 :
B → B such that Ti is a sequence of generalized enriched Jungck
contraction (i.e Definition 2.3) and T (B) ⊆ S(B), Then:

• All (Ti)λ and S have a unique common fixed point w;
and

• there exists λ ∈ (0, 1] such that the Jungck-Schaefer
iteration {Sun}∞n=0, defined by

Sun+1 = (Ti)λun

= (1− λ)Sun + λTiun, n ≥ 0, (4.1)
converges to w

Proof. The prove of second part is the same argument as that
of theorem 3.6 above. That is,

lim
n→∞

Sun+1 = lim
n→∞

(Ti)λun = w, (4.2)

and by continuity of S, we have from (4.2)
lim
n→∞

S(Sun) = Sw,

Now, since S and Ti are compatible for each i and
Sun+1 = (Ti)λun = (1− λ)Sun + λTiun,

then, for each i, (Ti)λ andS are also compatible. Therefore,
by Lemma 2.12, we have

lim
n→∞

(Ti)λSun = Sw.

From inequality (3.21), with u = Sun and v = un, we have

||(Ti)λSun − (Ti)λun|| ≤λ
(
ϕ[||S(Sun)− Sun||,

||S(Sun)− (Ti)λSun||,
||Sun − (Ti)λun||,
(||S(Sun)− (Ti)λSun||)r

(||Sun − (Ti)λSun||)p

(||S(Sun)− (Ti)λun||),
||Sun − (Ti)λSun||

(||S(Sun)− (Ti)λSun||)m]
)
.

as n→ ∞ we have
||Sw − w|| ≤λ

(
ϕ[||Sw − w||, ||Sw − Sw||,

||w − w||, (||Sw − Sw||)r

(||w − Sw||)p

(||Sw − w||), ||w − Sw||

(||Sw − Sw||)m]
)

=λ
(
ϕ[||Sw − w||, 0, 0, 0, 0)m]

)
=µ(0) = 0.
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=⇒ Sw = w.

Again by Lemma 2.12 (b), together with the fact that S is
continuous and
T (B) ⊆ S(B), =⇒ (Ti)λ is also continuous. Then, we

have
(Ti)λw = Sw = w,

and
lim
n→∞

S(Ti)λun = (Ti)λw.

Now, we prove the uniqueness of the common fixed point.
Suppose not, then there exists w∗ ∈ B, such that
Sw∗ = (Ti)λw

∗ = w∗, Sv∗ = (Ti)λv
∗ = v∗, we have

the following:

||w∗ − v∗|| = ||(Ti)λw∗ − (Ti)λv
∗||

≤ λ
(
ϕ[||Sw∗ − Sv∗||,

||Sw∗ − (Ti)λw
∗||, ||Sv∗ − (Ti)λv

∗||,
(||Sw∗ − (Ti)λw

∗||)r

(||Sv∗ − (Ti)λw
∗||)p

(||Sw∗ − (Ti)λv
∗||),

||Sv∗ − (Ti)λw
∗||

(||Sw∗ − (Ti)λw
∗||, )m]

)
= λ

(
ϕ[||w∗ − v∗||, 0, 0, 0, 0]

)
≤ µ(0) = 0.

Hence, w∗ = v∗

5. Conclusion
Wehave proved the existence and uniqueness of common

fixed points of enriched-Jungck contractions, a generaliza-
tion of enriched contractive definition of Berinde and Pacu-
rar [7] in line with the result due to Akram [5] and Olatinwo
and Omidire [6] in a Banach space setting. It is worth noting
that our results have reinforced the convergence of Jungck-
Schaefer iterative procedure to the unique common fixed
points of more general class of enriched contraction defi-
nitions involving pair of commuting and compatible map-
pings. We extended the results in [7] to pair of commuting
and compatible operators called, generalized enriched Jungck-
contractions. We proved corresponding fixed point theorems
for these type of operators and for sequences of general-
ized enriched Jungck-contractive pair of compatible oper-
ators. Our results unify, generalize and extend results in
[4, 5, 6, 7, 16], and many other related results in literature.
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