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ABSTRACT
We employ the orthonormality of the Legendre polynomials to deduce binomial identities. The harmonic numbers H, are
connected with the derivatives of binomial coefficients, this fact allows to deduce identities involving the Hp.
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INTRODUCTION
Legendre polynomials are given by [1-3]:

~ ZEO (=D (Z) (2" R Zk) X2k, n=0, (1)

Pn(x) =3 n

with the property B,(1) = 1 V n, then from (1):

RO ] Gl ISPAS @

Besides, we have the orthonormality relation:

1 2
f_1 Pn(x) By(x) dx = 2n+1 O ©
that is:
[ X" BG)dx=0, m<n @
1 . _ on+1 _ 21+l (n1)2 _ 2
f—1 X" By(x) dx = (2n+1) (211:) T (en+1)!  (@n+Dn ©
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If m —n = odd integer then x™ B,(x) isan odd function, hence:
f_ll x™ P,(x) dx =0, m—-n=1,3,5,.. (6)

In Sec. 2 we employ (3) and the Schmied’s formula [4] to obtain the expression:

m+n
f_ll x™P,(x) dx = 2" ( >

m+1 (m+n+ 1) 4

m—-—n=20,24,.. (7)

which implies (5) if m = n. We also use (1), (4) and (7) to deduce binomial identities similar to (2).

It is well known the property:

i(x+m):(x+m) n 1 (8)

J=1 jix+m-n’

dx n n
in particular:
d (x+m d (X
[T ™ emnm = Hao [z (3) emor = (CD™ 0 Hy, (9)
for the harmonic numbers [5]:
Hy=Y¥',~, nx1, H, = 0. (10)

In Sec. 3 we employ (8) and (9) to deduce identities involving the quantities (10).
Schmied’s Formula

In [4] we find the following relation of Schmied (2005):

m! (21+1)

P (x), (1

xm = Zl=mm—2 -1
T (m'l)! (m+1+1)!

=
where, we can multiply by B, (x), to integrate in [-1, 1], and apply (3), to obtain (7) for

m—n=20,24,..

Now we use (1) into (4) and (7) to deduce the result:

1)
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0, m<n
E m\y2n—2ky ok i
k=0 (k)( n ) m+n+1-2k 4”( > ) (12)
P N { VA m>n
(m+1) (m+n+1)
for m+n = 2,4,6, ... Similarly:
PJ n\ (2n —2k\ 0k 4 (n)? _
Zk2=0 (k)( n ) 2n+1-2k  (2n+1)! ’ n=0,12,.. (13)
Remark- From [6] we have the formula:
n k
Sho CO() (T )=om vz, (14)
which, for y = —2 and z = 2n is equivalent to (2) because (Zn ; Zk) =0 for k> EJ

Harmonic Numbers

We have the expression [6]:
x .
=300 () s (15)
where, S Vare Stirling numbers of the second kind [6- 8]. Now (9) and [%(15) lx=—q imply:

oD ST =n -, nx1 (16)

We can verify (16), in fact [6, 9]:

1) )
=% %4 D g5, (17)

for the Stirling numbers of the first kind S,(lm), then:

T G U ST =80 (DT g I, S S = (D,
by the orthonormality of the Stirling numbers [6]; hence (16) and (17) are reciprocal relations.

Lanczos [10] used the binomial expansion of Gregory-Newton to obtain the identity:
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k=0 (i) (Z) (k+11)m - (n+11)m (x ¥ T;Ll o

_ (k+tm)!

where, (k +1),, = —— ; then (9) and [;—x(18) ]x=—1 allow to deduce the formula:

ko’

n (_1)k+1

n 1
k=1 Gerny (k) Hi = —r—— (Hpin-1 = Hi1),

= (m-1)! (m+n)

We have the following expression of Graham-Knuth [11]:

L ()= (142 (L. nze

therefore, (9) and [:—x (20) ]x=¢ imply the property [12]:

Yk=o He =+ 1)H, —n, n=20,1,2,..,

which is a particular case of the identity [9, 11-15]:

o (o) e = (G 1) (B =557

for m=0.

In [10] we find the relation:
1k X _ [ x—2
e DR () k=D x (F27)
thus, (9) and [:—x(23) ]x=—1 generate the result [16]:

ety = ("5 0) (s - ),

which is deductible from [6, 13]:

n+1 1
k=1 k™ Hy = ;'nzl (j+1)(Hn+1_j+_1

for m = 1.
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We know the expression:

n _1\k+1
;cl=1 (k) % = Z;cl=1 ﬁ ’ (26)

then, [;—x(26) ]x=0 and (9) allow to obtain the identity:

n (_1)k+1 1
i (3) S He= X (27)

which can be verified directly via the relation:

k) (-1)J+1 , (28)

Hie = ﬁ'c:l(j j

consequence from (26) for x = 0.
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