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ABSTRACT
In this paper we prove a unique common coupled fixed point theorem for two pairs of W -compatible mappings satisfying two
contractive conditions in partial G -metric spaces. We also furnish an example to support our main theorem.
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INTRODUCTION

Dhage [5] introduced the concept of D —metric spaces to generalize the ordinary metric spaces and
proved several results, for example, refer [5, 6, 7]. Unfortunately almost all results are invalid (see [19, 20,
21, 13, 15]). To modify D —metric space, Mustafa and Sims [13] introduced the concept of G — metric
spaces and obtained some results in their papers. Later several authors, for instance, [4, 10, 2, 3, 22, 24, 25,
26,9, 14, 16, 17, 18], proved some fixed, common fixed and coupled fixed point theorems in G — metric
spaces.

Recently Salimi and Vetro [23] defined partial G — metric spaces using the concept of partial metric
spaces introduced by Mathews [12].

Kaewcharoen [10] proved a unique common fixed point theorem for four self mappings on a G —
complete metric spaces. The intent of this paper is to extend the theorem of kaewcharoen [10] in partial
G — metric spaces. We illustrated our theorem with an example.

First we state the following known definitions, lemmas and propositions.

Definition 1.1 [5]: Let X be a non-empty set. A D—metric on X is a function D: X® — [0,+c0)
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that satisfies the following conditions for each x,y,z,ae X,
1. D(x,y,z)=0 ifandonlyif x=y=12,
2. D(x,y,z)=D(p{x,y,z}) where p isapermutation function,
3. D(x,y,2)<D(x,y,a)+D(x,a,z)+D(a,y,2) .

Then the pair (X,D) iscalleda D -metric space.

Definition 1.2 [13] : Let X be a non-empty setand let G: X x X x X —[0,00) be a function satisfying
the following properties :

(G): G(x,y,2)=0 if x=y=12,

(G,): 0<G(x,x,y) forall x,ye X with x=vy,

(G): G(X, %, ¥)<G(x,y,z) forall x,y,ze X with y=z,

(G,): G(x,Y,2)=G(X,2,y) =G(Y, z,x) =..., symmetry in all three variables,
(G): G(x,Y,2)<G(x,a,a)+G(a,y,z) forall x,y,z,aeX.

Then the function G is called a generalized metricora G -metricon X and the pair (X,G) iscalleda
G -metric space.

Definition 1.3 [12]: A partial metric on a non-empty set X isafunction p: X x X —[0,0) such that
forall x,y,ze X,

(p) x=y < p(xx)=p(xy)=p(y,y),
(p,) p(X,X) < p(x,y), p(y,y) < p(X,Y),
(ps) pP(xy)=p(y,%),
(p) p(xy)<p(x,2)+p(z,y)— p(z,2).
The pair (X,p) iscalleda partial metric space (PMS).

Definition 1.4 [23]: Let X be anon-empty setand let P: X x X x X —[0,400) be called a partial G
-metric if the following conditions are satisfied:
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(P1) If x=y=1z then P(x,y,z)=P(x,x,xX)=P(y,y,y)=P(z,2,2),

(P2) P(x, %, X)+ P(y,V, y)+ P(z,2,2) <3P(x, y,z) forall x,y,z,e X,

(Pg)%P(x,x,x)+§P(y, Y,Y)<P(x,y,y) forall x,ye X with x=vy,

(P4) P(x, X, y)—%P(x,x,x) <P(x,y, z)—%P(z,z, z) forall points x,y,ze X with

y#2,
(Ps) P(x,Y,2) = P(X,z,y) = P(y, z,Xx) =---(symmetry in three variables),
(Pe) P(x,y,2) <P(x,a,a)+P(a,y,z)—P(a,a,a) forany x,y,z,ae X .
Then the pair (X,P) is called a partial G -metric space (in brief PGMS).
Example 1.1 [23]: Let X =[0,+o0) and define P(x,y,z) = %(max{x, y}+ max{y, z}+ max{x, z}) for
all points x,y,ze X . Then (X,P) isaPGMS.

The following Proposition gives some properties of a partial G -metric.
Proposition 1.1 [23]: Let (X,P) beaPGMS. Then for x,y,z,ae X , the following properties hold:
1. If P(X,y,2)=P(x,x,X) =P(y,Y,y)=P(z,2,2),then x=y=12
2. If P(x,y,z)=0 then x=y=12;
3. If x=y,then P(x,y,y)>0
4. P(X,V¥,2) <P(X X Y)+P(x,x,2) = P(x,x,x) forany X,y,z,ae X.
5 P(XV,Y)<2P(X,X,Y)—P(X,X,X);

6. P(x,y,z) <P(x,a,a)+P(y,a,a)—P(z,a,a)—2P(a,a,a) ;

7. P(x,y,2) <P(x,a,z2) +P(a, y,z)—%P(a,a,a)—%P(z,z,z) with y=#z;
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2 1 . .
8. P(x,y,y)<P(x,y,a)+P(a,vy, y)—EP(a,a,a) —§P(y, y,y) with x=y;

Definition 1.5 [23]: Let (X,P) beaPGMS. Then
1. Asequence {x,} is P—G-convergentto xe X ifandonly if

P(X,X,X) = lim P(X,X,X,) = lim P(X,X,,X,)

2. Asequence {x } is 0—P—G-Cauchy if and only if

lim P(X,, X, X,)=0.

m,nN—>+o0

3. A partial G -metric space (X,P) is said to be 0—P —G-complete if and only if every
0— P —G-Cauchy sequence in X P —G -converges to a point X e X such that P(x,x,x)=0.

Example 1.2 [23]:  Let X =[01] and P:X®—[0,) be  defined by
P(x,Y,z) = max{x, y}+ max{y, z}+ max{x, z} for all points x,y,ze X . Then (X,P) isa 0-P-G -
complete partial G — metric space.

Lemma 1.1[23]: Let (X,P) beapartial G -metric space and {x_} be a sequence in X . Assume that
{x,} P—G-convergesto xe X and P(x,x,x)=0.Then Jim P(x,,y,y)=P(x,y,y) forall yeX.

N—+o0

Similarly we can have the following Lemma.

Lemmal.2: Let (X,P) beapartial G-metricspaceand {x,} beasequencein X .Assumethat {x.}
P—-G-convergesto xe X and P(x,x,x)=0.Then [im P(x,,x,,y)=P(x,x,y) forall yeX.

N—+00

Bhskar and Lakshmikantham [8] developed some coupled fixed point theorems for a mapping satisfying
mixed monotone property in partially ordered metric spaces. Later Lakshmikantham and Ciric [11]
extended the notion of mixed monotone property to mixed g-monotone property and generalized the
results of [8]. Abbas et al. [1] introduced w —compatible mappings and proved some common coupled
fixed point theorems in cone metric spaces.

Definition 1.6 [8]: An element (x,y)e X xX is called a coupled fixed point of a mapping
F:XxX > X if x=F(x,y) and y=F(y,x).

Definition 1.7 [11]: Anelement (x,y)e X x X is called
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(i) a coupled coincident point of mappings F:XxX —>X and f: X —>X if
fx=F(x,y) and fy=F(y,x).

(i) a common coupled fixed point of mappings F: X xX > X and f:X —> X if
x=fX=F(x,y) and y=fy =F(y,x).
Definition 1.8 [1]: Themappings F: X xX —» X and f: X — X arecalleda w -compatible pair
if f(F(x,y))=F(fx, fy) and f(F(y,x))=F(fy, fx) whenever fx=F(x,y) and fy=F(y,x).

In 2012, A.Kaewcharoen [10] proved the following

Theorem 1.1 (Theorem 2.1, [10]): Let X be a G- complete metric space. suppose that {f,S} and
{g,T} are weakly compatible pairs of self-mappings on X satisfying

G(Sx,Sx, Ty), G(fx, fx, Sx), G(ay, gy, Ty),

G(fx, fx, gy) < hmax 1
E(G( le fX!Ty) + G(gy! ay, SX))

and

G(Sx, Ty, Ty), G(x, Sx, Sx),G(gy, Ty, Ty),
G(fx, gy, gy) <hmax

%(G( fx, Ty, Ty) + G(gy, Sx, SX))
for all x,y e X where h 6{0, %) Suppose that fX < TX and gX < SX. If one of TX or SX isa

G —closed subspace of X ,then f,g,S and T have a unique common fixed point.

Now we give our main result.

MAIN RESULT

Theorem 2.1: Let (X,P) be a partial G -metric space. Suppose that f,g: X xX — X and
S,T: X — X be satisfying

(2.1.1) f(XxX)<T(X),g(X xX)<S(X),
(2.1.2) {f,S} and {g,T} are w-compatible pairs,

(2.2.3) Oneof T(X) or S(X) is 0—P —G-complete subspace of X,
11
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(2.1.4) (@P(f(x,y), f(xy).9(uVv))

P(Sx, Sx, Tu), P(Sy, Sy, Tv),

P(f(x,y), f(x,y),5%), P(f(y,x), f(y, x),Sy),
P(g(u,v),g(u,v),Tu), P(g(v,u), g(v,u),Tv),

< kmax %[P(f(x, y), £(x, ), Tu) + P(g(u,v), g(u,v), SX)],

%[P(f(y, X), 0y, %), Tv) + P(g(v,u), g(v,u), Sy)]

and
(OP(f(x,y),9(u,v),g(u,v))

P(Sx,Tu,Tu), P(Sy,Tv,Tv),
P(f(x,y), Sx,Sx), P(f(y,x), Sy, Sy),
P(g(u,v),Tu,Tu), P(g(v,u), Tv,Tv),

< kmax %[P(f(x, y), Tu,Tu) + P(g(u, V), Sx, Sx)],

%[P( f(y,x), Tv,Tv) + P(g(v,u), Sy, Sy)]

forall x,y,u,ve X ,where ke[O,%).

Then f,g,S and T have a unique common coupled fixed pointin X x X .

Proof: Let (x,,Y,) € (X X X). From (2.1.1) , we can construct the sequences {x.},{y.}.{z,} and {w, }
such that

f (X2n1 y2n) = TX2n+1 = ZZn'
f (y2n ’ X2n) = Ty2n+1 = WZn’
g(X2n+1’ y2n+1) = SX2n+2 = 22n+1’

12
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g(y2n+l' X2n+1) = Sy2n+2 = W2n+l’ n= O ! l "2

Now from (2.1.4)(b), we have
P(22n+1’ 22n+l1 ZZn) = P(g(X2n+1’ y2n+1)’ g(X2n+l’ y2n+1)’ f (X2n’ y2n))

P(Zy041 2501 Z5n)s P(Wyp_g, Wy, W),
P(Zy0s Zon 15 Zon 1)y P(Wap s Wy 4, Wy, ),
P(Zyn11s Zons 230 )y P (W g, Wy, Woy ),

< kmax %[P(ZZNZZWZZn) + P(Zon1s Zon1 Zona)]

1
E [P(W,,, Wy, Wy, ) + P (W0, Wy gy Wap )]

P(Zyn-1) 201 230 )y P(Wap gy Wy, W),
2P(2,,, 259, 2504, 2P (W, Wy, Wy, 4),
2P(Z50,1: 2110 250 ) 2P (Wi g, Wop 0, Wap),
< kmax %[ZP(Zznw Zyninr Zn) + 2P (2500 250, 250 4)) [

1
E [2 P(W2n+11 W2n+l’ WZn) + 2I:)(WZn ) W2n J W2n71)]

from(F,) and P r o p 0 9 tli.olv)

- 2k maX{P(Zan’ ZZn ! ZZn)’ P(22n+1’ 22n+1' ZZn)! } (21)

P(WZn—l’ W2n ! W2n )' P(W2n+1’ W2n+l’ WZn)

Similarly we can prove,

P(Z,04: 250, 250),

P(Zn10 Zani1s Zon)s 2.2)
P(W,y) Wy W),

P (W10 Wy, Way )

P(W2n+1! W2n+]_a W2n) < 2k maXx

Thus from (2.1) and (2.2), we have

13
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P(ZZn—l’ ZZn ! ZZn )7

maX{P(ZZnﬂ’ 22n+11 ZZn)’ } < 2k max P(22n+11 Z2n+17 ZZn)’ (23)
P(W2n+1' W2n+l’ WZn) P(WZn—l' W2n 1 W2n )’
I:)(W2n+1’ W2n+11 W2n)

Now suppose that
maX{P(ZZni ZZn ' Zanl)’ P(WZn ’ W2n ' W2n71)} = O .
Then we have z,, ,=12,, and w,,, =w,, from Proposition 1.1(ii)
From (2.3),

MaxX{P(Z,.1: Zon.11 Zon )y P(Wop gy Wap g0 Wy, )3 =0 (2.4)

so that z,, =z, , and w, =W, ,.

Now from (2.1.4)(a), we can prove

P(22n+l’ 22n+1’ ZZn '
P(Zz 2122 2’22 1)'

I:>(Z2n+2’ 22n+2' 22n+1) < 2k max " " " (25)
P(\NZnﬂ1 W2n+1' W2n )1

P(W2n+l’ W2n+2 ! W2n+2)

and

P(22n+l’ 22n+1’ ZZn)1
P(22n+2’ 22n+2’ 22n+1)’

P(W,p.00 Wy py Wy 1) < 2Kk max 2.6
( 2 2 ? l) F)(W2n+1' W2n+1’ WZn)! ( )
I:)(W2n+1’ W2n+2 ' W2n+2)
Thus from (2.5) and (2.6) , we have
I:)(22n+1’ 22n+1’ ZZn)’
maX{P(ZZnJrZ' 22n+2’ 22n+l)' }S 2kmaX P(22n+2' 22n+2’ 22n+1)’ (27)
P(W2n+2 ! V\/2n+2 ! W2n+1) P(W2n+l1 W2n+l’ W2n )’

P(W2n+2 ! W2n+2 ! W2n+l)

14
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Using (2.4) in(2.7), we get
MaX{P (231,21 Zon12 Zonar)s P(Wopy 00 Wap oy W0 )} = 0
so that z,,,,=2,,, and W, ., =W,,,.
Continuing in this way we get z,, =2,,., = Z,,,, === and W,, =W, , =W, ., =
Thus {z,} and {w,} are Cauchy sequences.
Assume that max{P(z,.,,Zz,.,,2,), P(W, ,,,W,.,,W,)}>0 forall n.
Now from (2.3) and (2.7) we have
max{P(Z””’ var 2o, }s 2k max{P(Z w1 fns Z s }
P(Wi.1 Wh,10 W) P(W,_yr Wy, W)
P(z, ,,2,.4, 2, ), }

< (2k)? max
P(Wn—z ’ Wn—2 ! Wn—l)

< (2K)" max{P(Zo’ 2 ), }
P(w,, w,, W;)
Thus
lim P(z,,2,.,1,2,,1) =0 (2.8)
and
lim P(W,,W,.;,W,,;) =0 (2.9)

N—o0

For m,ne N with m>n, we have

P(Zn’ m? m)<P(Zn1Zn+1’ n+1)+P(Zn+17 n+27 n+2)+ +P(Zm 11 m’Zm)
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P(2,,21,2,), }

<[(K)" +(2K)"™ +...+ (Zk)ml]max{P(wo,wl,wl)

_@ {P(zo,zl,zl), }

S 1-2k P(w,, W, W,)
Thus
lim p(z,.2,.2,)=0 (2.10)
Similarly, we have
lim p(w,,w,,w,)=0 (2.11)

n,m—oo

Thus {z,} and {w,} are 0—P—G— Cauchy sequencesin X .

Suppose S(X) is 0—P -G complete. Then the sequences {z,,.,}={Sx,,.,} and {w,. .. }={Sy,,..}
P -G converge to points «, 8 e S(X) such that p(«,a,a)=0 and P(3,5,8)=0 and «=Su and

L =Sv forsome u,ve X.

Since {z,} and {w,} are 0—P—-G - Cauchy and from (2.8) and (2.9), it follows that {z,,} and

{w, } are P—G— convergeto o and g respectively.
Using (2.1.4)(b), we obtain that
P(Zyn.1: Zons F(UV)) = P(I(Xp0.0 Yonin)s 9(Xonias Yonia)s (U, V))

P(SU, ZZn’ ZZn)' P(SV’ W2n’W2n)’
P(f(u,v),Su,Su), P(f(v,u),Sv,Sv),
I:>(22n+1' ZZn’ Z2n)’ I:)(W2n+1' WZn ! WZn)’

< kmax %[P( f(U,V), 2500 250) + P(Z4.0, SU, SU)],

%[P( f (V, U), W2n ) WZn) + F)(W2n+1’ SV’ SV)]

Letting n — oo we have

16
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0,0,P(f(u,v),a, ), P(f(v,u), s, B),
%[P( f(u,v),a,a)+P(a,a,a)],

%[p( f(v,u). B, 8)+ P(B. . )]

P(a,a, T(u,v)) <k max

from (2.8), (2.9), Lemmas (1.1) and (1.2)
=k max{P(f (u,v),a,a), P(f(v,u), 5, B)} (2.12)

Using (2.1.4)(b) to P(w,,,;,W,,.;, f(v,u)) and then letting n — oo, we get

P(S, B, T (v,u)) <kmax{P(f (u,v),a,a),P(f(v,u),s, L)} (2.13)
Thus from (2.12) and (2.13) we have

maX{P(a,a, f(u,v)),

P(B, B, T (V. u))} <k max{P( f(uv),a,a)P(f(v, u),ﬂ’lg)}

which in turn yields from Proposition 1.1(ii) that f(u,v) =« =Su and f(v,u)=8=Sv.Thus («,p)
is a coupled coincidence point of f and S . Since {f,S} is a w -compatible pair, we have

Sa=f(a,p) and Sp= (B, a).
We next prove that Se =« and Sg= 4.

Applying (2.1.4)(b), we obtain that

I:)(22n+1' 22n+l' SO[) = P(g(xzm—l! y2n+1)’ g(X2n+1’ y2n+1)’ f (CZ, ﬂ))

P(Sa,z,,,2,,), P(SB,W,,, Wy, ),

P(f(a. p).Sa,Sa),P(f(B,a),S5,Sp),
F)(22n+1’ ZZn' ZZn)' P(W2n+1' WZn ! WZn)'

< kmax %[P(f(a,ﬂ), Zyn1Z00) + P(Zo00, S, Sa)], (-

1

S [PCH(B, @), Wan, Wp ) 4 P(Way,1, S, SP)]

17
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Taking n — oo, we have

P(Sa,a,a), P(Sp, B, B),
P(Sa,Sa,Sa), P(SB,58,58),0,0,

P(a, @, Sa) < k max %[P(Sa, a,a)+P(a,Sa, Sa)l,

JIP(SA. 5. 5)+ P(B. 56,35

from lemma (1.1), (1.2) and (2.8), (2.9)

P(Sa,a,a),P(Sp, B, B),
P(Sa,a,a)+ P(a,Sa, Sa),

P(SB, B, B) +P(B,5B,5p),
<k max %[P(Sa,a,a) + P(a, S, Sa)],

%[P(Sﬁ, B. ) +P(5.56.55)]

{P(Sa, a,a)+ P(a, Sa, Sa),}
ax (2.14)
P(SB, B, B) + P(B,SB,SP)

Using (2.1.4)(b) to P(w,,,,W,,.;,SA) and then letting n — oo ,we get

P(Sa,a,a) + P(a,Sa, Sa),} (2.15)

P(B, 3,S8) <k
(P75 = maX{P(Sﬂ,ﬂ,ﬂHP(ﬂ,Sﬂ,Sﬁ)

From (2.14) and (2.15), we have

aX{P(a, a, Sa),} <K maX{P(Sa, a,a)+ P(a,Sa, Sa),}
P(B.B.SB)| P(SB, B, )+ P(B,58,SP)

<k max{P(Sa, a, ), P(SB, B, B)}
|+ max{P(a,Sa,Sa), P(B,S5,58)}

18
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Thus

{P(a, a,Sa),} k {P(a,Sa,Sa),}
max < ——max (2.16)
P(B.B.SB)] 1-k P(B,SB,SpB)

Using (2.1.4)(a), we have
P(22n+11 Sa! Sa) = P(g(X2n+l’ y2n+1)’ f (a’ﬂ)1 f (a’ ﬁ))

P(Se,Sa,z,,), P(SB,SB,W,,),
P(Sa,Sa,Sa),P(SB,Sp,Sp),
P(Z:Zn+l’ 22n+l’ ZZn)! P(W2n+11 W2n+1' WZn)1

<k max %[P(Sa,Sa, 2,) + P(Zynia Zyn: S,

%[P(Sﬂ, Sﬂ1 W2n) + P(W2n+11 W2n+1’ Sﬂ)]

Taking n — oo, we have

P(Sa,Sa, ), P(SB,SpB, B),
P(Sa,a,a)+ P(a,Sa,Sa),

P(SB, B, B) + P(B,58,58).,0,0,
P(at, Sar, Sar) < k max %[P(Sa, Sa,a) + P(a, &, Sa)],

SIP(S5.35. 5)+ P55, SP)]

_ aX{P(Sa,a,a) +P(a,Sa, Sa),} (2.17)

P(S8., B, B) + P(B.,543,5p)

Applying (2.1.4)(a) to P(w,,,,SA,Sp) and then letting n— oo, we get

19
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P(5.55.55) <k maX{P(Sa, a,a)+P(a,Sa, Sa),} (2.18)
R P(SB. B, B) + P(B,SB,SpB) '
From (2.17) and (2.18), we have
{P(a, Sa, Sa),} {P(Sa,a,a) +P(e,Sa, Sa),}
max < k max
P(B.SB.Sp) P(SB. 8. B) + P(B.SB.Sp)
<K max{P(S«a, a,a), P(SB, 5, B)}
~ |+ max{P(a,Sa, Sa), P(B,S8,55)}
Thus
{P(a, Sa, Sa),} k {P(Sa, a,a),}
max < ——max (2.19)
P(B.SB.Sp) | 1-k P(S.8.5)

From (2.16) and (2.19), we have

{P(a,a,Sa),} ( k T {P(Sa,a,a),}

max <| —— | max

P(B.5.5P) 1-k P(S8. 8. 8)

so that Sa=a and Sp=p . Thus a=Sa=f(a,f) and p=Sp=f1(B «). Since
f(XxX)cT(X),thereexist a,be X suchthat o= f(a,8)=Ta and g=f(F,a)=Thb.

From (2.1.4)(a) we obtain
P(a.a.9(a,b)) = P(f(a, B), f(a, B).9(a,b))

P(c,cr, ), P(B. 5. ).

P(c,cr, ), P(B. 5. ).

P(g(a,b), g(a,b), ), P(g(b.a), g(b,a). 5),
<kmax) P (a,a,a) + P(g(a,b), 9(a,b). )]

1

E[P(ﬁ,ﬂ,ﬂ) +P(g(b,a),g(b,a), )]
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<2k max{P(g(a’ b),a, “)’} (2.20)
P(g(b,a), B, B)
Againusing (2.1.4)(a) to P(A,/,9(b,a)),we obtain
P b), a, ),
P(B,f,9(0,a)) < 2K max{ngEE iy ;))} @.21)

From (2.20) and (2.21),we have

maX{P(a,a.g(a.b)),}<kmaX{P(ﬂ,ﬂ,g(b,a)),}
P(8.B.9(ba)) P(a,a,9(a,b))

so that g(a,b)=a=Ta and g(b,a) = =Th. Since the pair {g,T} is weakly compatible, we have
Ta=9(a,) and TS =g(L,«). Nowwe prove Ta=¢a and Tg=/.

Using (2.1.4)(a) we obtain
Pla,a,Ta) = P(f(a, p), f (a. ). 9(a. B))

P(a,a,Ta),P(8,5.Tp),
Pla,a,a),P(B,,5),
P(Ta,Ta,Ta), P(TB.TR,TR),

< k max %[P(a,a,Ta) +P(Ta,Ta,a),

1

SPB.A.TE)+P(LTS P

P(a,a,Ta),P(B,5,75).0,0,
P(Ta,a,a)+P(a,Ta,Ta),

P(TB.B.B)+P(B.TB.TP),
< k max %[P(a,a,Ta) +P(Ta,Ta,a)],

%[P(ﬁ‘,ﬁ‘,Tﬁ) +PTATA.P)]
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(2.22)

{P(Ta, a, o)+ P(a,Ta,Ta),}
P(TB,B,B)+P(B,TB,T5)

Similarly from (2.1.4)(a), we obtain

(2.23)

P(B.5.T8) <k max{P(Ta, a,a)+ P(a,Ta,Ta),}

P(TS, B, B) + P(B,T5,TP)

From (2.22) and (2.23)

{P(a,a,Ta),} {P(Ta,a,a)+ P(a,Ta,Ta),}
max < k max
P(B,8.Tp) P(TB,B.B)+P(B.TB,TS)

<k max{P(Te,a,a), P(TH, B, B)}
T+ max{P(a,Ta,Ta), P(8,TA,TH)}

Thus

{P(a,a,Ta),} k {P(a,Ta,Ta),}
max < ——max (2.24)
P(B.BTH)) 1-k P(B.TB.Tp)

Now Using (2.1.4)(b) as in above, we obtain

maX{P(Ta,Ta,a),} {P(a,Ta,Ta),}
P(TB, T8, 5) P(B,TB,T5)

From (2.24) and (2.25), we have

{P(a,a,Ta),} ( k )2 {P(a,Ta,Ta),}

max <| —— | max

P(8,8.Tp) 1-k P(B.TB.Tp)

so that a=Ta and g=TF. Thus a=Ta=9(a,p) and =T =9g(f,«). Hence («,p) is a
common coupled fixed point of f,g,S and T.

<

max (2.25)

k.
1-k

Suppose that (o, ') € X x X is another common coupled fixed point of f,g,S and T.
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Suppose that o #a* and B = 5.

Applying (2.1.4)(a), we obtain that
P(a,a,a") = P(f(a, B), f(a, B), 9(c", 57))

P(a,a,a'),P(B. 5. B"),
P(a,a,a),P(B.5,p),
P(a',a’,a"),P(5". 5", ),

< kmax %[P(a,a,al)—i— P(al,al,a)],

{P(s.5.8+P(8. 5]

P(a,a,"),P(B,,5").0,0,

P(a',a,a) +P(a,a*,a'),
P(B'.8.8) +P(B.". B),

< k max %[P(C{,a.al) + P(al,al,a’)], )

Pw.s R )]

from (Ps)
. max{P(al’ a,a)+Pla,a, al),} (2.26)
P(B" B.B)+P(B, 5" ")
Again using (2.1.4)(a), we obtain
L P(a',a,a)+P(a,a',ab),
P(S, 5, /) <kmax 2.27
{P(ﬂl,ﬂ,ﬂﬂ P(ﬁ,ﬂliﬂl)} @20

From (2.26) and (2.27), we have
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max{P(a’ a, al),} k maX{P(al, a,a)+P(a,a', al),}
P(B.B.BY] P(B" B.B)+P(B. B B")

g k{max{P(al, a,a),P(B', B, B)} }
+max{P(a,a*,a’), P(B, B, B)}

so that

{P(a,a,al),} k {P(a,al,al),}
max [ S 7 max Lo (2.28)
P(B.B.B)) 1-K P(B.B.B")

Similarly applying (2.1.4)(b) to P(a',a', ) and P(S%, 5", S), we obtain that

{P(al,al,a),} k {P(a,a,al),}
max < ——max (2.29)
P(B" B B)) 1-k P(B. B, 5")
From (2.28) and (2.29), we have
max{P(a’a’all)}S(L) max{P(a’a’all)} (2.30)
P(B.B, B \1-k P(B.B.B)

sothat ¢ =a' and g =p".Thus (a, /) isthe unique common coupled fixed point of f,g,S and T .

Ifweput f=g and S=T inTheorem 2.1, we have the following Corollary.

Corollary 2.1 Let (X,P) be a partial G -metric space. Suppose that f: X xX — X and S: X — X

be satisfying
(2.1.1) f(XxX)<T(X),
(2.1.2) (f,T) are weakly compatible pairs,
(2.1.3) T(X) is 0—P —G-complete subspace of X,

(2.1.4) (@Q)P(f(x,y), f(x,y), f(u,v))
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P(Tx,Tx,Tu), P(Ty, Ty, Tv),

P(F (X y), £(x, ), TX), P(f(y,x), f(y,x), Ty),
P(f(u,v), f(u,v),Tu), P(f(v,u), f(v,u),Tv),

< kmax %[P(f(x, y), f(x y), Tu)+ P(f (u,v), f (u,v), TX)],

%[P(f(y, X), £y, %), Tv) + P(f (v, u), f(v,u), Ty)]

and
(O)P(F(xy), f(u,v), f(u,v))

P(Tx,Tu, Tu), P(Ty, Tv, Tv),
P(F (X y), TXTx), P(f(y,x), Ty, Ty),
P(f(u,v),Tu,Tu), P(f(v,u), Tv,Tv),

< kmax %[P(f(x, y), Tu, Tu) + P(f (u,v), Tx, TX)],

%[P( f(y,x), Tv,Tv) + P(f (v,u), Ty, Ty)]

forall x,y,u,ve X ,where ke[O,%).

Then f and T have a unique common coupled fixed pointin X x X .

Now we give the following example to illustrate our Theorem 2.1

Example 2.1 Let (X,P) be a partial G -metric space, where X =[0,1] P: X x X x X —[0,x) be
defined by

P(x,y,z) = max{x, y}+maxy, z}+ max{x, z}.
Let f,g:XxX —> X and S, T:X — X be defined by

2 2 2

Xty , g(x,y):u’ szx

16 32 2

f(x,y)=
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The conditions (2.1.1),(2.1.2) and (2.1.3) are obvious.
Forall x,ye X, consider

P(F(xy), F(xy).g(u,v)) = f(x, y) +2max{f(x,y),g(u,v)}

0| |+

[Sx+2max{Sx, Ty} + %[Sy + 2max{Sy, Tv}]

[P(Sx, Sx, Tu) + P(Sy, Sy, Tv)]
- %[P(Sx, SX,Tu) + P(Sy, Sy, TV)]
- %[P(Sx, SX,Tu) + P(Sy, Sy, TV)]

< %max{P(Sx, Sx,Tu), P(Sy, Sy, Tv)}

P(Sx, Sx, Tu), P(Sy, Sy, Tv),

P(f(xy), F(xy),S%), P(f(y,x), f(y, x),Sy),
P(9(u,v), g(u,v), Tu), P(g(v,u), g(v,u),Tv),

7 max %[P(f(x,y), f(x,y), Tu) + P(g(u,v), g(u,v), Sx)], (>

%[F’(f(y, X), £y, %), Tv) + P(g(v,u), g(v,u), Sy)]

IA
N

One can easily verify (2.1.4)(b) in the similar lines.
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Thus all conditions of Theorem (2.1) are satisfied. Clearly (0,0) is the unique common coupled fixed
pointof f,g,S and T.
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