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ABSTRACT

The most general linear operator to transform from new sequence space into another sequence
space is actually given by an infinite matrix. In the present paper we represent some sequence
spaces and give the characterization of (Sl (p),le) and (Sl (p), c).
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INTRODUCTION

A sequence space is a linear space of functions defined on the set of counting numbers. Thus the
sequence space is set of scalar sequence (real or complex) which is closed under coordinate wise
addition and scalar multiplication. If it is closed under co-ordinate wise multiplication as well,
then it is called the sequence algebra. We are concerned mainly on the problem of identification,
inclusion problem and matrix mapping problems. The study of sequence spaces is thus a special
case of the more general study of function space, which is in turn a branch of functional analysis.
The theory of matrix transformations is a wide field in sum ability; it deals with the characterizations of
classes of matrix mappings between sequence spaces by giving necessary and sufficient conditions on the

entries of the infinite matrices. The most important applications are Inclusion, Mercerian and Tauberian
theorems.

Here, we begin some definitions and notations:
Normed Space: Nor med Space is a pair (X, ||.|| ) of a linear space X and norm ||.|| on X.

Banach Space: A Banach Space (X, || ||) is a complete nor med space where completeness
means that every sequence (x,,) in X with|| x,,, — x,,||—0 as m, n—&2, there exists X € X

such that ||x,-x|| =0 as n—oo.
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Para norm: A Para norm ‘g’ defined on a linear space X, is a function: X— R having the
following usual properties:

(1 g(6)= 0, where 6 is the 0 element in X.

(i) g(x) = g(-x), for all x ¢ X.

(i)  gxt+y)<gkx) tg(y) forallx, y € X.

(iv)  The scalar multiplication is continuous that is A,, = A (n— o0) and g(X,-x) — 0 as
n - oo, fori, AeCand Xn XX, g(A,xp-AxX) = 0asn — oo,

(v) gx)=0=>x=246.

A Para normed Space:
A Para nor med space is a linear space X together with a Para norm g.
The space 1.(p): Let {p,} be abounded sequence of strictly positive real numbers. We define
lo (@)= {x={x,} : 7.7 | x)|Pk<co}
For x,ye l,(p) ,we define
dix, )= *3F lxk — ¥k [P
Where M = max (1, sup px). l(p) is a metric space with metric d.
If p, =p for all k, then we write [ for [, (p) . Here [, is the set of all bounded sequences x
= {x,} of real or complex numbers and isa metric space with the natural metric

d(x, y) = Sl,ﬁp Xk — Vi |-

Spaces ¢(p) and ¢, (p): With {p, }, we define
c(p) ={x ={x} : |x) — L|Pkx—0 as k—= for some | € C} and
Co(p) ={x = {x} : x)|Pk—0 as k—oo }
c(p) and co(p) are the metric spaces with metric
dx,y) = ¥ |x, — v [P, where M = max (1, suppy).

The spacesc and c,: If p, =p for all k, then we write ¢ and ¢, for c(p) and co(p) respectively.
c and ¢, represent the sets of all convergent sequences and null sequences respectively.

Note that ¢ and co are metric spaces with the metric

d(x.y) = s%p | k- Yiel-

In c if we define p(x, y) = | lim(x,, —y,,) |,

then although p(x, y) =0, this does not always imply that x = y.

For example if we take x; =1/k and y, =0 for all k, observe that the other two axioms of a metric are
satisfied by pThus p is not a metric on ¢, but is a semi metric.

Duals: If X is a sequence space, We define
xP ={a=(ay) : Xy, arxy is convergent for each x & X!.

Theorem 1: Let p, > 0 for every k, then
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[Sleo(P) 1P =N§-2{ @ = {ax }:Xi=1 a[Z=g NY/Pm 1} converges¥i_; N1/py |Ri| < oo, N >
1, where R, = X%, a, (we assume that XX, _, z,, =0 (k > 1)).
Proof. Suppose that X & SLo, (p), we choose N > 1, so that suppy|a x, Pk < N,we write

Dke1 QX = Ygeq Ribxye — Ry 2i=q Axye (m=1,2,3,...) )
Since Yo IRl 1Ax,] < YXr-1|R|I N1/P, < oo,it follows that }.7-, RiAx), is absolutely
convergent. By corollary 2 in [3], the convergence of Y5, a;, ( XX,-; N1/Pm ) implies that

lim,,,_ o Rmﬂm_l,\,l/Pm = 0. Hence, it follows from (1) that}.;-; a;x is convergent for each

x & Sl (p). This yields a & ( Sl, ()"

Conversely, suppose that as (Sl (p))ﬁ , then by definition, Y., a;x; is convergent for each x
€ SLe ().
Sincee=(1,1,1,.)¢e Sl (pand x=[ XX _, N1/Pm] & Sl,, (p) so,

=1 @, and Y07 a,[ X7, -1 N1/Pm ] are respectively convergent. By using corollary 2 in [20],
we find that
limg Rty 2=y N1/Pm=o.
Thus, we get from (1) that the series }.7-; RxAx converges for each xe Sl (p) .
Since x € Sl (p) if and only if Ax € Sl,, (p). This implies that R = {R;, £( Sl,, (p))E. It now
follows from a theorem 2 in [7] that 27" |R,| N1/pk converges for all N > 1.
This completes the proof of the theorem.

Theorem 2: Letp, > o, for every k, then

[Sco(p) 18 = SM,(p), where SM,(p) = Unsifa = {ai} : 552, a [ S%, N-1/Pm ] converges
and Y%, |R | N"Y/Pk < N > 1}.

Proof. Let a e SM,(p) and x & Sco(p). We choose an integer N> 1 such that |Ax; |pk < N-1.
We have Y7“; apxp = 2y RkAxy - Rppy1 2peq Axg; (m=1,2,3,...).

Since X7, [ReAx,| < X9 1 IRAX, | < X5, |Rk| N7Y/Pk < oo, it follows that,

Yr=q1 RiAx,, is convergent absolutely. The convergence of

Y a, (XK _ N-1/Pm) implies that

Rpmsq 2heq N-1/Pi =0 (1) (m— ). Hence X7, a;x, converges for each x € SM, (p). That is,
ae[Sc,(p)]P.

Conversely, let ae[Sc,(p)]? , then

for any x e SM,(p), X5_, arx, converges. Since the sequence x={XX_,N-1/Pm} by
choosing € > % (N =2,3,...)e Sc,(p) it follows that .7, ay

(Xk _,N-1/Pm) converges [Because Y.X,_; N -1/pm & Sco(p) ]

To show that X%, |R,| N~Y/Pk < oo, N > 1, let us assume that Y%, |Rx| N~2/Pk < o0, N > 1,
then from Theorem 6 , it follows that R € Mo(p) = [ ¢, (p)]?, then there exists a sequence x =

{1/k}, k=1 € c,(p) such that
w=1 Ry 1/k does not converse. Although, if we define
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y={ by yie = Zkoir, then, y e Sco(p), but Ty ayi = Ty ard Thois 3 = T R
1/k.

Hence X.7-; ay, does not converge for y € Sco(p), a contradiction is due to the fact that
ae[Sc,(p)l’. So

Yio1lReIN7V/PK < 0, N > 1.
This completes the proof of the theorem.

MATRIX TRANSFORMATIONS
Let X and Y be any two sequence spaces. Let A= (a, )

(1 <n, k < o) be an infinite matrix of scalar entries.

Ax = (4, (0)),2 €Y. Where A,(X) = X7, anixy is a convergent sequence for eachn (n =
1,2, 3,...). We say that A defines a matrix map from X into Y and we write A € (X,Y). By (X,
Y), we mean the class of matrices A such that A & (X,Y).The main aim is to give the

characterization of the classes (Sl (p),l) and (Sl,(p), cs). We  shall first establish the
following simple lemma 1.

(o]
nk=1

Lemma 1. Let X and Y be two sequence spaces, and letAY ={y ={y; }: Ay = (yx — Yx-1) €Y,
vo= 0}, then A & (X,Y) if and only AA = (ayx— an-1x )n,lc:;l =( bux )n,,‘f:l = B
e (X,Y).With lemmal,. (i, ii) in [7] or, Theorem 3 in [7] or, Theorem 5b (i) and Theorem?7 in
[5], a characterization of the classes ( [(p),Sls) Or (lo(p), Sly) or (( L(p), Slw(q)) (q
€ l,) immediately follows

In [3] the authors have characterized the spaces (Slw(P), le ), (Sle(P), €) and (Sl (p), cs) if the
matrix A satisfy following the conditions:

Theorem 3: Let p, > o for every k then, A € (Sl (p), I ) if

()7 1 Ziey @i (Blep=y NP < 0, N > 1.

(") Sxp [Z}o(o=1 Nl/pk |Z$°=k anvl < OO,N > 1.

Proof: We first prove that these conditions are necessary.

Suppose that Ae (sl (p),le). Since x= (x;) = ( Xk, N1/Pm)

belongs to sl (p), the condition (i )holds. In order to see that (ii) is necessary we assume that
1

for N>1, supn[Ei_; NPk |52y any| ] = co.
Let the matrix B be defined by
B= (bnk) = (21(;0=k Any )
Then it follows from Theorem 1.12.8 that B ¢ (sl (p), l»). Hence, there is a sequence
X € sl (p) such that
supy |x,|Px =1 and Y7 buexy # 0(1).
We now define the sequence y = (y,) by
Vi = Xi=1%y (KeN),
Y, = 0.
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Theny € sl,,(p) and X¢-; aneyi = Xig=1 bucxi # 0(1).
This contradicts that Ae (sl (p),le). Thus, (ii) is necessary.
We now prove the sufficiency part of the theorem.

Suppose that (i) and (ii) of the theorem hold. Then A,, € (sl (p))? for eachn € N.

Hence A,,(x) = X5-; anrxi converges for each n € N and for each X € sl (p). Following the
argument used in lemma 1, we find that if x € sl (p) such that sup; | Ax,|P* <N, then
1

|Z}io=1 ankxkl < ZIOCO=1NE |Zgo=k1anv|;

< Supn[21?=1 Nﬁ |Z1(;o=k anvl ];
< oo,
This proves that AX € [,,. Hence, the theorem is proved.

Theorem 4: Let p, - 0, for every k, then A € (Sl (p), ¢ ) if and only if
(DR &€ (lo(p), c) where R= (1, ) = [ ok Ay | (0, k=1,2,3,...).

1
(i) An [ XX N?Pilec (n,k=1,2,3,...) for all integers, N > 1.
(i) limy o anp a  (k=1,2,3,...).
Proof: Let us first prove the sufficiency condition. For consider any x & Sl (p), we choose
N > 1, so that suppk |Ax, |’k < N.we write,
Il A kX = Doy A AXy rn+1,TZ§§;1 Ax, (m=1,2,3,...). Q).

By condition (ii) Xi_; a, [ XX, N?i] is convergent for each (n = 1, 2, 3,...).Hence, by corollary
2 in [20] it follows that

1
iMoo Theim 2= NPi = o. By condition (i), R &(ln(p),c), and since x
€Sl (p) if and only if Ax €l,(p).Hence, by corollary [2] in [8] it follows that
Yo 1|rnx|NY/Px is uniformly convergent in n and lim,,_,, 7y, exists for each (k=1,2,3,...)
Since T |rs |18, ] < Xpoi|rm| NYPx, from (2) we find that ¥, a,, ,x; is absolutely and
uniformly convergent in n. Finally, we have
im0 o1 QuXr = 2p—1 AxXk. This proves the sufficiency condition.
The necessities of (iii) and (ii) are respectively obtained by taking x = e = ( I, 1, 1,...)

1

eSlu,(p) and x=[XF,N?i] (k=1,2,3,...), ieSl,(p).Now consider the necessity of (i).If
it is not true, then there exists X = (x,) € lo,(p) with suppy|x,|p, = 1 such that [X7,,x,]®
¢ c. Alhough if we define a sequence y = (y,) by

Yo = Xiloix; (v=1,2,3,..), theny €Sl,(p) but [0, a,,Vy = Ygeq TnuXy] € c. This
contradicts the fact that A € (Sl (p), ¢ ) and therefore (i) must hold.

Before characterizing the class (Sl.,(p),cs ), we add one more notation, for any

n> 1,we write

£ (AX) = S¥oq A (0= 252 busxi, [X € Sl (p)], Where B = (bnx) = [ S ay |
(n=1,2,3,...).This complete the proof of the theorem.
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Theorem 5: Let p, - 0, for every k, then A € (Sl (p), ¢, ) ifand only if
()C & (Slw(p), cs) where C = (Cpie ) = {Xita[Xvk a,, I} (k=1,2,3,..).

1
(i) B, [XX.,NP] ecs (n, k=1,2,3...) for all integers, N > 1.
(iii) im0 b g = limy 00 2y @i = B (k=1,2,3,..0).

Proof: This theorem follows immediately from theorem (4);
Let us first prove the sufficiency condition. For consider any x € Sl.,(p), we choose N >
1, so that suppk |Ax;|pk < N.we write,
Y1 by Xk = 2Ry Cpplxy _ Cp, m+1 Y7 Ax;,  (m=1,2,3,...) and the convergence of
o1 b [, NYPi ] implies that
limpy, oo Cpmy 127, NP =0,
Characterization of (I(p), Sc,(q)) , el follows from Theorem 5 (ii) [9] with lemma 1.
This completes the proof of the theorem.
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