KATHMANDU UNIVERSITY JOURNAL OF SCIENCE, ENGINEERING AND TECHNOLOGY
VOL. 9, No. I, December, 2013, pp 101-103.

A STUDY ON ESSENTIAL SUBMODULE AND SINGULAR MODULE
Tulasi Prasad Nepal
Central Department of Mathematics, Tribhuvan University, Kirtipur, Kathmandu, Nepal

Corresponding author: tulasi.nepal@yahoo.com
Received 09 October, 2013; Revised 23 December, 2013

ABSTRACT
In this paper we discus about direct sum, essential submodule, singular module, essential monomorphism and some
theorems.
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1. INTRODUCTION

A ring is a system(R, +, ., 0, 1) consisting of a set R, two binary operations, addition(+) and
multiplication(.) and two elements 0+1 of R such that (R,+, 0) is an abelian group, (R, ., 1) is a
semi group with identity and multiplication is both left and right distributive over addition. A
ring whose multiplicative structure is commutative is called a commutative ring. A subset | of a
ring R is a two sided ideal of R in case it is an additive subgroup such that for all x € I and all a,
beR

axb € |

The two subsets {0} and R both ideals of R ; these are called the trivial ideals of R. Any ideal of
R other than R itself is called a proper ideal. The ideal{0} ,which we frequently denote simply by
0, is called the zero ideal.
The ring R is simple if {0 } and R are the only ideals of R. A ring R with identity 10 in which
every non zero element a is unit, is called a division ring. Thus every division ring is a simple
ring, for let R be a division ring and | be an ideal of R such that | #{ 0} , then there exists at least
one a € | such that a # 0. Since R is a division ring, so a' € Rand aa™ =1.sincea € I, a* €R,
aa’ € 1, by definition of an ideal , or 1 € | ,therefore | = R since if | is an ideal of a ring R with
unity such that 1€ I, then I= R.
On the other hand every commutative simple ring is a field but in general simple rings need not
be division ring, and division rings need not be commutative, for example, let H be the subset of
M, ( C) the 2 x 2 matrices over the complex field, of all elements of the form
q:(a +ib c+ id)

c—id a-—ib

with a,b, c¢,d € R,then H is a subring of ,M»(C). Consider the elements

(1 Oy ._ /i OY._(0 1y,_ (0 i
1= (o 1)’ = (0 —i)’ 1= (—1 0)’k a (i o) €H.
Thus above typical element q of H is g = al+ bi+ cj+dk, then if g+ 0, it is invertible ,that is H is

a division ring but it is not commutative.
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Let R be a ring(with or without 1 and commutative or not). By a left R- module M, we mean, an
abelian group (M, +) together withamap R X M = M, ax > ax, called the scalar multiplication
or the structure map, such that

1. r(x+y)=rx+ryforallre Randx,y e M

2. (r+ra)x =rx + rpx for all ry,r, ER and x € M and

3. (rir2)x=ry(rox) for all r1, r,e Rand x € M.

Elements of R are called scalars. The left R-Module is denoted by R™ .

Let M be an R- module. A nonempty subset N of M is called an R-submodule of M if N is an
additive subgroup of M i.e. x, y €N implies x-y €N and N is closed for scalar multiplication i.e.
X € N, a € R implies ax € N.

Let M be an R-module. A submodule K of a left R- module RM is called a direct summand of M
if there exists a submodule K’ of M such that M = K@ K’, that is M= K+K' and K n K'=0.

A submodule K of RM is called essential (or large) submodule in M if whenever L is a
submodule of M such that K nL = 0 implies L = 0 and it is denoted by K A M and read as “ K is
essential in M.”

For example, if M is a left R module. Then M A M because if M n L =0 implies L= 0, since
L<M.

The two concepts, direct summand and essential submodule are reminiscent of the topological
concepts of connected components and dense.

2 MAIN RESULTS

Lemma 1: Let L (R) be the set of all essential left ideals of R. Let| € L (R) andr € R .Then
Ir'={acR:arel}

is an essential left ideal of R. i.e. Ir* € L (R).

Proof: Let Ir'! n K =0 where K is a left ideal of R. Then I n Kr= 0 where Kr is a left ideal of R.

orKr=0 c I,since IA R.So Krc I implies K < Irt.Therefore K = Ir* n K = 0 implies K= 0.
Hence Irt is an essential left ideal of R.

Lemma 2: Let A be a left R- module. Then

Z(A)={x€eA:Ix=0forsomel €L (R)}

is a submodule of A.

Proof: (i) Since R € L (R) implies RO = 0 implies 0 € Z(A).

(i) If x, y € Z(A) then Ix =0, Jy=0 for some I,J € L (R) . Since (In J) € L (R) .Therefore
(InJ) (x-y)=0 implies x-y € Z(A) .

(iii) Given any r €R, we have Ir'! € L (R) where Ir'= {a € R:ar € 1 }. So (Ir*)(rx) < Ix =0 since
| €L (R). Therefore (Ir'") (rx)=0. So rx € Z(A).
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Hence Z(A) is a submodule of A.

Definition: A pair of module homomorphism, A Z> BS C, is said to be exact at B if image of f

f .
= kernel of g. An exact sequence of the foom 0 - A - B % C - 0 s called a short exact
sequence; note that f is a monomorphism and g is an epimorphism. A monomorphism
f: RM - RV is called essential monomorphism if Imf A N.

Theorem 1: A module C is singular if and only if there exists a short exact sequence
f g ] . .

0->A->B—->C-0 suchthat fis an essential monomorphism.

Proof: Assume we have such exact sequence. Let b € B. Define a map ¢ from R to B such that

K be a left ideal of R such that In K= 0. Then f(A) n Kb= 0, where Kb is a submodule of B
which implies that Kb= 0, since f(A) A B and Kb < f(A) and K< 1. So K= K N |= 0. Therefore

1= 9™ (f(A)) € L (R). Now Ib ¢ f(A) = ker g, by exact sequence which implies that g(lb)= 0 or
I(g(b))= 0. Then g(b) € Z(C). Therefore C= g(B) & Z(C), since g is onto. Hence C= Z(C) and C
is singular.
Conversely, let C is singular. Then Z(C) = C. We choose a short exact sequence

c
0- A= B3 C—0suchthat B is free. If {b,}. is a basis of B. Then for each a, we have
l,9(b,)= 0 for some l, € L (R). Therefore g(lab.)=0. lby = ker g=imi=A. Since Iy IS

essential in RR, Then I,b, is also essential in Rb, for all a, for if I,b, NK= 0, then I,nKb™, = 0.
Therefore Kb™,= 0, since I, A R and Kb™. = {r €R: rb, € K} which implies K= 0. So I,b, A
essential monomorphism.
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