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ABSTRACT The aim of this paper is to establish a coincidence and common fixed point theorem for
four self maps satisfying a contractive condition in a cone metric space. The intent of this paper is to
introduce the concept of compatibility without assuming its normality.
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1. INTRODUCTION

Cone metric spaces were introduced by Huang and Zhang in [4], replacing the set of
real numbers by ordered Banach space and obtained some fixed point theorems for
mappings satisfying different contractive conditions. They introduced the basic
definitions and discuss some properties of convergence of sequences in cone metric
spaces. They also obtained various fixed point theorems for contractive single - valued
maps in such spaces. They have proved some fixed point theorems of contractive
mappings on cone metric spaces.

In Abbas and Jungck [1] generalized the result of [4] for two self maps through
weak compatibility in a normal cone metric space. On the same line Vetro [13] proved
some fixed point theorem for two self maps satisfying a contractive condition through
weak compatibility. The authors [6] introduced to concept of compatibility and proved
fixed point theorems for contractive type mappings in cone metric space [2, 5, 11].
Since the Banach Contraction Principle, several types of generalization contraction of
mappings on metric spaces have appeared. Afterwards, some authors have proved some
common fixed point theorems with normal and non-normal cones in these spaces such
as [2,5, 9, 10]. Jungck [10] introduced the concept of weakly compatible maps.

Recently, Rezapour and Hamlbarani [11] were able to omit the assumption of
normality in a cone metric space, which is a milestone in developing fixed point theory.
Also in [3] Arshad et al. proved a fixed point theorem for three self map adopting the
contractive condition of [12] through weak compatibility. The aim of this paper is to
prove a common fixed point theorem four for self mappings through weak compatibility
in cone metric space. Our results generalize [7] and [8] extend and unify several well-
known fixed point results in cone metric spaces.

2. PRELIMINARIES

DEFINITION 2.1 Let E be a real Banach space and P be a subset of E. P is called
cone if,

(1) P is closed, non-empty and P # 0;
(i) a,beER,a,b>0,x,y€Pimpliesax + by € P;
(iii) X €Pand —x € P imply x =0;
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Given a cone P € E, we define a partial ordering “<” in Eby x <y ify —
X € P. we write x <y to denote x <y but x #y and x <<y to denote y —
x € P°, where P° stands for some interior of P.

Note 1. For a>0 and x € P, taking b = 0 in (ii) we have ax € P.
2.takinga=Db=0in (ii) we have 0 € P.

PREPOSITION 2.1 Let P be a cone in a real Banach space E. If a € P and a < ka for
some k € [0, 1), thena=0.

Proof: Fora € P, k € [0,1) and a < ka gives (k —1)a € P. As 0 <k < 1 we have (1-k) >
0 which gives 1/(1-k) > 0.So by Note 1, ﬁ(k—l)a € P implies —a € P.

Now a € P and —a € P, which implies a = 0, by Definition 1, (iii).

PREPOSITION 2.2 Let P be a cone in a real Banach space E. If a € E and a « c for all
ce P thena=0.

DEFINITION 2.2 Let X be non-empty set. Suppose the mapping d: X x X — E
satisfies:

(@) 0<d(x,y), forall x,y € Xand d(x,y) =0, ifand only if x = y;
(b) d(x,y) =d(y, x) forall x, y € X;
(©) dx,y) < d(x,2z)+d(z, y) forall x,y € X;
Then d is called a cone metric on X and (X, d) is called a cone metric space.

DEFINITION 2.3 Let (X, d) be a cone metric space. Let {X,} be a sequence in X and x
€ X. If for every c € E with 0 € c there is a positive integer N, such that for all n > N
we have d(xn, X) € c, then the sequence {X,} is said to converge to X, and X is called the
limit of {Xn} . We write limn—oox, =xo0r X, —X, as N—oo,

DEFINITION 2.4 Let (X, d) be a cone metric space. Let {x,} be a sequence in X. If for
any ¢ € E with 0 « c there is a N such that for all n, m > N we have d(X,, Xm)<<c, then
the sequence {x,} is said to be a Cauchy sequence in X.

REMARK 2.1 We have AP° € P° ford > 0, and P*+P° c P°,

DEFINITION 2.5 Let (X, d) be cone metric space. If every Cauchy sequence in X is
convergent in X, then X is called complete cone metric space.

PREPOSITION 2.3 Let (X, d) be a cone metric space and P be a cone in a real Banach
space E. If u<v,v<<wthenu<<w.

DEFINITION 2.6 Let f and g be self-maps on a set X. If fx = gx, for some x € X then
x is called coincidence point of f and g.

DEFINITION 2.7 Let f and g be self-maps on a set X then f and g are said to be
weakly compatible if they commute at coincidence points, i.e., fu = gu for some u € X
then fgu = gfu.

LEMMA 2.1 Let f and g be weakly compatible self maps of a set X, if f and g have a
unique point coincidence w = fx = gx, then w, is the unique common fixed point of f
and g.

LEMMA 2.2 Let (X, d) be a cone metric space with respect to a cone P in a real
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Banach space E, and take ki, ky, k > 0. Suppose that x, —X, y, —Y, and z, —z in X and

ka < ki d(Xn, X)tkad(yn, y) + d(zn, 2). Thena =0.
Proof: As x, —X and y, —Y, there exists a positive integer N, such that
c c 4 0
m - d(Xn, X), m - d(yn, y), m - d(Zn, Z)E P" for all n >N..
Therefore, by Remark 1, we have
k1C Ckz Ck3 0
— kid(Xn, X), ————— — kod(VYn, ¥), ————— — ksd(zn, 2)EP for

(k14 kp+k3)
all n >Nc
Again by adding and Remark 2.1, we have
¢ - ky d(Xn, X) — ko d(Yn, y) - k3 d(zn, 2) € P° for all n > N.
From (1) and Proposition 2.3 we have ¢ — ka € P° i.e. ka « c for each ¢ € P°. Finally,
by Proposition 2.2 we have a = 0 since k > 0.

3. RESULTS

(k1+ ky+k3) (k1+ kp+k3)

Theorem 3.1 Let (X, d) be a cone metric space. Suppose mapping S, T, land J: X — X
satisfy

3.1.1 I S(X) € J(X), T(X) € I(X);

3.1.2  One of S(X), J(X), T(X) and I(X) I is complete subspace of X;

3.1.3 The maps {S, I} and {T, J} have unique coincidence point in X;

3.1.4 {T,J}and {S, I} are weakly compatible.

3.1.5 d(Sx, Ty) <aid(lIx, Jy) + axd(Ix, Sx) + asd(Jy, Ty) + asd(Ix, Ty) + asd(Jy, Sx)
forall x,y € X. where a;>0 (i=1, 2, 3,4, 5) €[0, 1) satisfying a; + a, + a3
+a4t+as<1.

Then the mappings S, T, | and J have a unique common fixed point in X.

Proof: Suppose Xy be any arbitrary point in X then by (3.1.1) there exists X;, X, € X
such that

SXp =JIx1, Tx1 = Ix,
Inductively, we can construct sequence {x,} and {y,} in X such that
Yon = SXon = IXon+1,
Yont1 = TXone1 = IXons2; n=1,2,3,....
Firstly, we show that {y,} is a cauchy sequence in X.
Put X = Xon and y = Xon+1 in (3.1.5) we get,
d(Sxan, TXon+1) = d(Yon, Yon+1)

< a1d(IXzn, IXonse1 ) + @2d(IX2n , SXan) + 83d(IXzn+1, TX2ne1) + Aad(IX2n, TX2n+1 )
+ an(JX2n+1, SXZn)

= a10(Yan-1, Yon ) + @20(Y2n-1 , Yon) + @3d(Yon Yon+1) + @20(Yon-1, Yons1) + asd(Yon,
Y2n)

= a1d(Yon-1, Yon ) + @20(Yon-1 , Yon) + @sd(Yon Yone1) +aa [d(Yon-1, Yon) + d(Yan,
Yan+1)]

write d(Yn, Yn+1) = dn, We have
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O2n < @10n1 + @202n-1 + agdzn +a4 [don1+ don]

Oon (1-a3-a4) <(ay +ax+ as)don

o < (ai1+az+ay)
"= (1- az-a,)

which implies d, < kdan1 (3.1)

2n-1

where k = ((allm—zm‘*) by (f), k < 1.

—az—ay)
Put X = Xon+2 and y = Xon4+1 N (3.1.5) we get,
d(SXan+2, TX2n+1) = d(Yon+2, Yon+1)

< a1d(IX2n+2, IXon+1 ) + @20d(IXan+2 , SXons+2) + @3d(IXan+1, TXone1) + a4d(IXon+2, TXon+1) +
asd(IXzn+1, SXon+2)

= a1d(Yans1, Yon ) + @20(Yone1 , Yone2) + @30(Yon Yone1) + @a0(Yons1, Yons1) + asd(Yon,
Yon+2)

= a1d(Yon+1, Yon ) + @d(Yoner , Yone2) + @3d(Yon Yone1) + 8s [A(Yone1, Yon) + d(Yons,
Yan+2)]

i-e-, d2n+1 < alen + a2dZn+1 + a-3dZn +as [d2n+ d2n+1]
don+1 (1 ——as)<(agtaz+ 3.5) dan

(aq+az+as)

dons1 <
(1-az-as)

2n

which implies dan+1 < hdan (3.2)

where h = M

(1- az—as)
In view (3.1) and (3.2), we have
ane1 < h don < k hdpng <k h?dan2 < ... <k"h™ d,
where do = d(Yo, Y1) and
don<k dana <hkdono<h k?dpn3< ... <h"K'dy , where do = d(yo, y1)
Therefore  dona< k"™ do, and dan < h"K'dy . Also,
d(Yn+p, Yn) < d(yn, Yn+1) + d(Ynsa, Yne2) + ... + d(Ynep, Ynp-1),

i.e., d(yn+p, yn) S dn + dn+1+ ...t dn+p-1.
(3.3)

we next suppose that n = 2m is even, then by (3.3) we have

A(Yamsp, Yom) < [km AT 4 AT KM 4 gL L M2 emel +] do.
=k™h™ [1L+h+hk+h%k+h%k?+ ... +] do.
=k™h™ [(1 + kh+ k*h?+ ...)) + (h + kh® + K*h® + ... )] do.
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=k™h™ (1 +kh+k*h?+...) (1 +h) do.
Since kh <1 and P is closed, we conclude that
h
Thus d(Yamep, Yom) < (kh)" 20 do.
(3.4)
Now for ¢ € P°, there exists r > 0 such that c — y € P if ||y||<r.

choose a positive integer Ng such that [|(kh)™ (1 + h) do /(1 — kh)[|< 1, for all m > N,
,which implies that

m (1+h) 0 m (1+h)
c- (k)" L dye PO and (kh)"

dO d(yn+p’ yn) E P

So we have ¢ - d(Yom+p, Yom) € P°, for all m > N, and for all p by proposition 2.3.

The same case is true if n = 2m + 1 is odd. This implies d(Yn+p, Yn) <<c, forall p
and n > N¢, fo all p. Hence {y,} is cauchy sequence in X.

Case I: Suppose I(X) is complete. Since {y, } is cauchy sequence in X which is
complete. SO yon+1 — z = lu for some u € X. Now

d(Su, Iu) < d(Su, Txans1) + d(TXzns1, 1)
= d(SU, TXzn+1) + d(Yan+1, 1U)

Put X = u and y = Xan+1 in (3.1.5) we get,

d(Su_ Iu) = d(Su, TXzn+1) + d(Yan+1, 1U)

< a d('U, IXon+1 ) + azd(lu , SU) + agd(JX2n+1, TX2n+1) + as d(|U, TXon+1 ) + a5d(Jx2n+1,
Su) + d(yzn+1, 1)

= ad(lu, yon ) + axd(lu, Su) + ad(yan, Yon+1) + a4d(lU, Yons1) + asd(yan, Su) +
d(yzn+1, IU)

= ad(lu, yan ) + ad(lu , Su) + az [d(y2n, Iu) + d(lu, Yan+1)] + asd(lu; Yon+1) + as
[d(yzn, Iu) +d(lu, Su)]

+ d(yzn+1, IU)
d(Su lu)(1 - az—as) < (a1 + az+ as) d(lu, yon ) + (83 + a4 +1) d(lu, Yan+1)

AS Yo, — U, Yone1 — Tu and (1 - 82— as) > 0, using Lemma 2.2, we have d(Su, lu) =0
and we get lu = Su. Thus lu = Su = z. Therefore z is a point of coincidence of the pair
(S, ). Since (S, 1) is weakly compatible, Sz = Iz.

As S(X) < J(X), there exists w € X suchthatz=Sz=Jw. Soz=Su=Iu=Jw.
(1.5)

Putx =uandy=win (3.1.5) we get,
d(Su, Tw) <a;d(lu, Jw ) + a,d(lu , Su) + azd(Jw, Tw) + azd(lu Tw) + asd(Jw, Su)
by using (1.5) we have,
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d(z, Tw) <a;d(z,z ) + axd(z , z) + asd(z, Tw) + a;d(z, Tw) + asd(z, z)
d(z, Tw) < (a3 + as) d(z, Tw).

As (a3 + a4) <1, using Proposition 2.1, it follow that d(z, Tw) = 0 and we get Tw = z.
As the pair (T, J) is weakly compatible we get Tz = Jz.

Putx=zandy=2zin(3.1.5) andusing Tz=Jz,Sz =1z

d(Sz, Tz) < a;d(lz, Jz) + a,d(lz, Sz) + asd(Jz, Tz) + a4d(lz, Tz) + asd(Jz, Sz)

d(Sz, Tz) <a1d(Sz, Tz) + a,d(lz, 1z) + a3zd(Jz, Jz) + a4d(Sz Tz) +asd(Tz, Sz)

d(Sz, Tz) <(a; + a4 +as ) d(Sz, Tz).

As (ay+ a4 + as) < 1 we get, Sz = Tz, by propositionl and we have Sz=Tz=1z=Jz .
Thus z is a point of coincidence of the four self maps S, T, | and J.

Case I1. J(X) is complete. The proof of this case is similar to Case I.

Case I11. S(X) is complete. Since {y, } is cauchy sequence in X. It follow that (y2,=
Sx,n) is a cauchy sequence in S(X), which is complete. So y,, — z = Sv for some v € X.
Now S(X) < J(X), there exists p X such that z = Sv = Jp. It follows from Case Il that Sz
=Tz =1z = Jz. Thus, also in this case, the maps S, T, | and J have a common fixed point
of coincidence.

Case IV. T(X) is complete. The proof of this case is similar to case IlI.
We have z = Tz = Iz. Let Su = lu be another point of coincidence of the pair (S, I).
d(Su, z) < d(Tx2n+1, Z) + d(TX2n+1, SU)
= d(yan+1,2) + d(Su, TXzn+1)
Put X = u and y = Xan+1 in () we get

d(Su, z) < d(Yan+1 , 2) + a1d(lu, IXons1) + @2d(lu, Su) + asd(IXon+1 , TXone1) + agd(lu,
TXan+1) +

a5d(Jx2n+1 , SU)
= d(Yan+1,2) + a1d(lu, yan) + asd(yan, Yons1) + aad(lu, yons1) + asd(yzn, Su)

=d(Y2n+1,2) +ar[d(Su, 2) + d(z, y2n)]+ a3 [d(Y2n, 2) + d(zZ, Yon+1)] + a4 [d(Su, 2) +
d(z, yan+1)] +

as [d(yzn, Z) + d(z, Su)]
(1- a3 - a4—as)d(Su, z) < ( 1+ az+ a4) d(z, Yons1) + (a1 + a3 + a5)d(z, Y2n)

Since yon+1 — z and yon — z, and we have (1- a; - as— as) > 0, using Lemma 2 we obtain
d(z, Su) = 0 and so Su = z. Hence the point of coincidence of (S, 1) is unique. As the
pair (S, 1) is weakly compatible by Lemma 1 z is the uniqgue common fixed point of S
and I.

Hence z = Sz = Iz = Jz = Tz is the unique fixed point of S, T, I and J.
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