KATHMANDU UNIVERSITY JOURNAL OF SCIENCE, ENGINEERING AND TECHNOLOGY
VOL. 9, No. Il, December, 2013, pp 59-68.

ON BANACH SPACE VALUED ORLICZ FUNCTION SPACE
¢(X,U,]||.|l, £) AND ITS GENERALIZED FORM ¢ (X, U, ||. ||, &, A, p)

Narayan Prasad Pahari

Central Department of Mathematics, Tribhuvan University, Kirtipur, Kathmandu,
Nepal
Corresponding author: nppahari @ gmail.com
Received 30 August, 2013; Revised 01 December, 2013

ABSTRACT
This paper attempts to introduce and study a new class ¢ (X, U, || . ||, &) and its generalized form ¢ (X,
U, |I. I, & A, p) of Normed space valued function space using Orlicz function & as the generalizations of

the basic sequence space /. Besides the investigation of linear topological structures of the class ¢ (X, U, ||
. |l, &) when topologized it with suitable natural norm, our primarily interest is to explore the conditions
pertaining to the containment relation between the classes ¢ (X, U, || . ||, & A, p) in terms of different
values of A and p.

Key words: Orlicz function, Orlicz Space, Normal space, GK-, GFK-, GAK-, GAD-
and GC-function space.
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1. INTRODUCTION AND PRELIMINARIES
We begin with recalling some requisites that are used in this paper.

Definition 1.1: An Orlicz function is a function &:[ 0,00) — [ 0,00) which is continuous, non decreasing
and convex with & (0)=0, & («) >0 for u>0, and & (u) > o as u — o. Obviously, Orlicz function
generalizes the function

Ew) =u’,(1 < p<o).

An Orlicz function & can be represented in the following integral form

u

&)=, q()dr
where ¢, known as the kernel of &, is right-differentiable for # > 0, g(0) =0, ¢(¢) > 0 for ¢> 0, ¢ is non
decreasing, and g(f) — o as t > © ,(see, [9]).
Definition 1.2: An Orlicz function & is said to satisfy A, - condition for all values of u, if there exists a
constant K >0 such that

&EQu) < K &(u) , for all u> 0.

The A,-condition is equivalent to the satisfaction of the inequality

&(Lu) < K L E(u)
for all values of u for which L > 1, (see, [9]).
Definition 1.3: J. Lindenstrauss & L. Tzafriri [10] used the idea of Orlicz function to construct the

sequence space
(e 0]
L —inf{ﬁ =(u): > éﬁg(%[)< oo for some p >0 }
k=1

of scalars (u;) ,which forms a Banach space with Luxemburg norm defined by

IIMIIa—inf{p>0: k;&(%{)s 1}.

The space /: is called an Orlicz sequence space and is closely related to the space £, with
&u) =u’(1< p <o)

They have very rich topological and geometrical properties that do not occur in ordinary /, space.

Subsequently, M.Basariv & S. Altundag [1], V.N. Bhardwaj & I. Bala [2], S.T. Chen [3], D. Ghosh &
P.D. Srivastava [4], P.K. Kamthan & M. Gupta [6],V.A. Khan [7], E. Kolk [8], N.P.Pahari [12] , S.D.
Parashar & B. Choudhary [13], K.C. Rao & N. Subremanina [14], M.M. Rao & Z.D. Ren [15], E.
Savas & S.Patterson [16] , J.K. Srivastava & N.P.Pahari [18,19] and many others have been introduced
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and studied the algebraic and topological properties of various sequence and function spaces using
Orlicz function as the generalizations of various well known sequence spaces and function spaces.
Definition 1.4: A normed space (X, ||.||) is a linear space X together with the mapping ||.|| : X — R+
( called norm on X) such that for all x, y € Xand o € C, we have

Ni: |lx[|=0and ||x||=0 ifand only if x=0;

No: - flovx|| = fot] [lx[]; and

Ny: e+ yll < x| + (]

Clearly by N; and N,, algebraic operations of addition and scalar multiplication in the normed
space X are continuous i.e., if (x,) and (y,) are sequences in the normed space X with x, y € X such that x,
— X, y, > yin X, and (a,,) a sequence of scalars with aeC such that o, > ain C thenx, +y, > x+y
and o, x, = ox in X.

In fact, I. J. Maddox [11], B. K. Srivastava [17], J. K. Srivastava and N.P.Pahari [18,19], R. K.
Tiwari and J. K. Srivastava [20, 21], and many others have been introduced and studied the algebraic
and topological properties of various function spaces in normed space. All these function spaces
generalize and unify various existing basic sequence spaces studied in Functional Analysis.

Definition 1.5: Let U be a normed space and S(U) ={ ¢ : X — U} be the classes of U-valued functions.
Then S(U ) is called solid (or normal) if e S(U) and scalars a(x),x € X such that a(x)| <1 ,x € X
implies
a(x) d(x) € S(U).
Corresponding to K-, AK—, AD- properties of scalar sequence spaces (see, [5] Kamthan and Gupta
,1981), for Banach space valued GK—, GAK—, GAD- ,GC- and GFK- function spaces (see, Gupta and
Patterson,1982) , we have defined as follows:

Definition 1.6: Let U be a normed space and S(U) ={ ¢ : X — U} be the class of U-valued functions.
Then S(U) is called a GK— function space if P, : S(U) —» U, where P, (¢) = ¢(x), is continuous for
each x € X. A GK- function space is called
(i) a GAD- function space if ®(U) is dense in S(U), where

d(U) = {¢: X = U such that ¢(x) = 0 , for all but finitely many x € X },

(i) a G AK- function space if for each ¢ € S(U) the directed system (¢)) ;< yx), Of j " sections of ¢
with set theoretic inclusion converges to ¢ , where

_Jd(x) , ifx e Jand
sA9) (x) = {0, if xeX/J

(iii)  a GC- function space if for each x € X, the mapping R, : U — S(U) is continuous , where R ()
= 6% and 8? : X — U is defined by

u _ Ju,ifx=y and
5. () = {9 ,when y #x.
(iv)  a GFK- function space if (S(U), 3J) is complete linear metric space.
2. THE CLASSES £ (X, U, || .||, &) AND £ (X, U, .|, & A, p)

Let X be an arbitrary non empty set (not necessarily countable) and 7 (X) be the collection of all finite
subsets of X directed by inclusion relation. Let (U, || . || ) be a Banach space over the field of complex number C. Let
p, q denotes the functions on X — R", the set of positive real numbers, and /., (X, R") = { p : X - R" such that

sup, p(x) < oo}. Further we shall write A, p for functions on X — C\ {0} and the collection of all such functions will
be denoted by s(X, C\ {0}).

We now introduce the following new classes of Banach space U — valued functions using Orlicz function

£,

z
0 (XU LE)=1 ¢: X>U: a(M) < oo for some p>0. ...(2.1)
xeX p
and
.. _ ] ) 3 Ax) d(x) p(X)) )
) XU ., & M p)={d:X—> U: for some p > O’xe XE’( 0 is
summable }. ...(2.2)

Further when A : X — C\ {0} is a function such that A(x) = 1 for all x, then /(X, U, || . ||, &, A, p) will be
denoted by ¢(X, U, || . ||, &, ) and when p : X — R" is a function such that p(x) = 1 for all x, then
X, U - |I, & A, p) will be denoted by (X, U, || . ||, &, A).
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If in the definition of ¢ (X, U, || . ||, &) the phrase ‘for some p > 0’ is replaced by ‘for every p > 0’ then
we denote this subclass by ¢ (X, U, || . ||, & ). Thus

XU LE)={d: X>U: xiX&(l%m)<oof0reveryp>0}....(2.3)

Similarly, we define the subclass ¢ (X, U, ||. |, & A, p)of ¢ (XU, ||. |, & A, p) as follows:

_ o . > Mx) d(x) ”(X)).
f(X,U,||.||,§,k,p)—{¢.X—>U.foreveryp>0,x€X§( o s

summable }. ...(2.4)

3. TOPOLOGICAL STRUCTURES OF £ (X, U, || . |I, &)

As far as linear space structure of the class (X, U, || . ||, &) over the field C, are concerned
throughout we shall take point-wise vector operations,
Le., (¢ +y) =¢(x)+gx),xeX
and
(ad)®) =0 (x),x e X,a e C.
Moreover, we shall denote zero element of these spaces by 6 by which we mean the function
0 : X — U such that 6(x) = 0 for all x € X.
Theorem 3.1: (X, U, || . ||, & ) is a linear space over the field C with respect to the pointwise vector
operations.
Proof:
Letd, w € (X, U, || .|, &) and a, B € C. So there exist p; > 0 and p, > 0 such that
z ¢ (x) Y v (x)
xeXa( P )<OO and xekX E“( P2 )<°O'
Let p; = max (2|a| p1, 2|B|p2). Since  is non-decreasing and convex. So
%(” a ¢ (x) + B wix) ||)S§(||a¢(X) I, By II)
P3 P3 P3
oL (Lo 1 (e,
P1 2 P2

This shows thata ¢ + By € £ (X, U, || . ||, &).
Hence, £(X, U, || . ||, &) is a linear space. This completes the proof.

Theorem 3.2: If & satisfies the A, — condition then ¢ (X, U, ||.|,&)=/(X, U, | ., &).
Proof:

Here we prove that £(X, U, || . |, )<= ¢ (X, U, | .|, &) since the reverse inclusion is always true.
Letd € £(X, U, || . ||, &). Then for some p >0,
z O(x)
xeX F’( p )< *

so there exists J € F' (X) such that
& (J.Mp)ﬁl“) <1, foreachXe X/J. ...(3.1)
)y
Choose an arbitrary n > 0. If p < n, then eX & (J.MPELU) < o follows easily.

Now suppose, 1 < p and put K = ‘% . One can determine R = Ry > 0 and r = rg > 0 with & (Kt) < R & (¢) for
all #in (0, r]. Now by (3.1) we easily get

1
£ (M:M) <57rq (%) forallx € X/ J,,J, € F(X),Jy nJ=0 ...(3.2)
where ¢ is the Kernel associated with & and the last inequalities yields
J%MSF, forallx e X/ J,. ...(3.3)
For otherwise, we can find J, o J; with JJﬂpELU >, and thus
pp AW d=5rq\ 3
which contradicts (3.2). Using (3.3) one finds that

g(MpM)ZI”Mx)”/p 1 (E)
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erX/J %(mﬁm)ﬁxfmﬁ(wfm)
(imn)—cm)<oofor every n>0ie;fe ¢ (X, U].[,&).

z
and hence ceX &

This completes the proof.

The following Theorem is the immediate consequence of Theorem 3.1, proved by Srivastava and
Pahari (2011).

Theorem 3.3: If U is a Banach Space, then £(X, U, || . ||, £ ) is a complete normed space with respect to
the norm
. z fx)
||f||1:1nf{p>0: eX é( 0 )Sl}. ...(3.4)

Theorem 3.4: If U is a Banach space, then £ (X, U, ||. |, £) is a GK - function space.
Proof:

Letfe ¢ (X,U,| .|, &). Then from the definition of norm, we have

Lo |
XZ;(M )Sl

1e., &(%%H) <1, foreachx € X.
1

One can find fixed real numbers » > 1 and £, > 0 such that
fo t
r\5) 4\5 >1
where, ¢ is the kernel associated with §. Hence for each x € X
)= )
: ( ol /=72 1

which by integral representation gives
Lo™1l

1o 1l
Le, (o) (<7t [l ¢ .

Hence the continuity of projection map P, : ¢ (X, U, || . ||, M) — U, where P,( ¢ ) = ¢(x), follows from
[ PO = 1 9Co) || < rto [ ¢ []s-
Thus, / (X, U, |.|, M) is a GK- function space.

Theorem 3.5: If U is a Banach space, then ¢ (X, U, || .||, &) is a GFK - function space.
Proof:

Sl’lo

Since /(X, U, || . ||, &) is a complete normed space under the norm given by
_ . Z LA
iri=intfp=o0: =L)<}
and ¢ (X, U, | .|, &) isa subspace of /(X, U, || .|, &), so to show that ¢ (X, U, || .|, &) is complete
under the norm || . ||;, it is sufficient to show that it is closed. For this let us consider (¢,) sequence in ¢

X U |l.|,&) suchthat || ¢, — & ||; > 0, n = oo, where ¢ € £(X, U, || . ||, & ). So for given p > 0, we can
choose an integer n, such that,

” ¢n ¢ ”1 2 fOI' alln>n0

Consider,
(o) sg(Hostad g (Bl
%i( ||”d)>i ai) ez ()
Since, eX &(W)Slandxi:)( &(2 ‘,;x )<oo,SO
s M n 1
xeX ﬁ( p )<OO'

This implies fe ¢ (X, U, | .|, &). Hence ¢ (X, U,| .|, &) is complete.

Theorem 3.6: If U is a Banach space, then £ (X, U, ||. |, &) is a AK —function space.
Proof:
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Let g € ¢ (X, U,¢&). Foreache> 0, one can find a J € F(X), such that
z é(M&U) <1
xeX/J €
Hence forJ, o J,

lo-sn@<inttp=o0: % e(1) <)

e, [lo—sn(@)l <e
N
s = {35 LT

Thus, (s, (¢ )),jerx) converge to f. Hence 0 (X, U,| .|, &)isan AK - function space.

Theorem 3.7: If U is a Banach space, then ¢ (X, U, || .||, &) is a GAD -function space.
Proof:

Let e ¢ (X,U,| .|, &). Then for every & > 0,

cox 815 <

Now for the function ¢ : X — U such that ¢(x) = 6, for all but finitely many x € X belonging to ®(U )
. 2 X
lol=intip>o0: 2 (1) <y <

Hence, ®(U) isdensein ¢ (X, U, | .|, &). Thus, ¢ (X, U,| .|, &) being a GK — space is a GAD — space.

Theorem 3.8: If U is a Banach space, then ¢ (X, U, | .|, &) is a GC - function space.
Proof:

LetR.: U— ¢ (X, U, | .|, &) defined by R,(x) =&, , where,

“ o Ju,ifx=y and
5.0 = {O, otherwise.

Since, 8, € ¢ (X, U, ||. |, &). Then for each & > 0, we have

18.0) |
>
xeXé( € ]Sl

. )y u
l'e’xeXE*‘( - )Sl.
. 18O |l
Now, || 8, ||1=inf{p>0:xeX§ T <1}
. u
=11’1f{8>02x c X &(Jg—u)s 1} <e
ie, || 9, | <e.
Hence, [IR, ()l =/ 8, [1 <&
which shows that R, is continuous for each x € X. Hence, ¢ (X, U, || .||, &) is a GC — function space.

4. CONTAINMENT RELATIONS AND LINEARITY OF £ (X, U, ||. |I, & A, p)

In this section, we explore some of the conditions pertaining to the containment relation between the

classes £ (X, U, || . |I, & A, p) in terms of different values of A and p. Throughout, we shall also

frequently use the notation
)

A

Theorem 4.1: Let p € £, (X, R"). Then for any A, p € s (X, C \ {0}),
LX UL, &Ap)cl (X, U .|,& m p) if and only if lim inf, #(x) > 0.

Proof:
For the sufficiency, suppose that lim inf, #(x) > 0. Then there exists m > 0 such that
m e @PY < o
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for all but finitely many x € X.
Leto e £ (X, U, || .|, & A, p), p1 > 0 be associated with ¢ . Then we have

D 7\{ 2 @g 2 p(x) )
( X X is summable.

xelX 5 p1
Let us choose p > 0 such that p; < mp. Since  is non decreasing, so that

&( () ol ”(”) :é([lu(X)\Hd)(X)ll]”m)
p g([ YRy, ]W’)

<
mp
Mx) o(x) ‘"(x))
<
B é( P ’

| [x) Mx) p(x)
) is summable. It clearly shows

. )y
for all but finitely many x € X and therefore reX & ( 0
that ¢ € (X, U, || [|, & p, p) and hence £ (X, U, || . ||, & A, p) < (X, U, || . [I, &, 1, p).

Conversely, assume that ¢ (X, U, ||. |, & A, p)c (X, U, || .|, & 1, p) but lim inf, #(x) = 0.
Then there exists a sequence (x;) of distinct points in X such that for each k> 1,
B @l < g, (41
We now choose u € U such that || u || =1 and define ¢ : X > U by
) K" it =, k2 Land (4.
0, otherwise.
Let p > 0. Then we have

M( 1) g ”(”) _ a( Lt ”“"))
. ( k*2/p(xk) " PO )
)
)

This implies that
()
x Ax) d(x) 1 21
xeX;’( p )S ‘t’(p) e
k=1
and shows that ¢ € 4( X, U, || .|, &, A, p). Butin view of (4.1) and (4.2),

S a(mﬁumuﬁ): 4 (lLuastl pw)
xe X o !
k=1
= p
P(xg)
o'} %)l k2|| ” p(xp)
=Y ¢ -
k=1
k
> 2 8(5).

implies that ¢ ¢ ¢ (X, U, || . ||, &, W, p), a contradiction. This completes the proof.

Theorem 4.2: Let p € £, (X, R"), then for any A, p € s (X, C\ {0}),
LU, E mp) =X, U | . ||, & A, p) if and only if lim sup, #(x) < co.

Proof:
For the sufficiency of the condition, assume that lim sup, #(x) < c. Then there exists d > 0 such that

PP < d u)P
for all but finitely many x € X. Let ¢ € 4( X, U, || . ||, & W, p) , p1 > 0 be associated with ¢ . So that
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5 ) olx P(x)
Hx) 6(x) ) .
e X & ( o) is summable.

Let us choose p > 0 such that dp; < p. Since & is non decreasing, we have

é( Ax) 0(x) ”“’j a(d[m(xn 1o () ||]”")

<
p p
( . » p(x)j
< 1@ o1l
5 p1
)y Ax) d(x) "
for all but finitely many x € X and therefore e X & ( 0 ) is summable. This shows that

¢ (X, U,|l. |, & A p) and hence
(XU LS wp) <« (X U, & A p)

Conversely, suppose that (( X, U, || . [, & w, p) < (X, U, || . ||, &, &, p) but

lim sup, #(x) = . Then there exists a sequence (x;) of distinct points in X such that for all £ > 1,
(xz) (%)
o)™ >kl el - (3:3)
Let us choose u € U such that || u|| =1 and define ¢ : X —> U by

(o) K"

o) = { o

0, otherwise.

Jifx =x;, k>1,and  (4.4)

Let p> 0. Then we have

: ( ) dx P j .

e G0 1| "‘))
p

( p
( =2/p(xz) P(xg) )

k u
p

(=4

IA
|_‘ »|H

[

g

This implies that
p(x) 0
)y u(x) d(x) 1 1
xexa( p js é( ) L opgs®
k=1
and shows that ¢ € /( X, U, || . ||, &, W, p). Butin view of (4.3) and (4.4),

> g( 2() ) ”‘”): < é( LG ) | ”“‘"’j
xe X p i1 p

§ o (L Gy £ 2o >||p(x"))
= p

p(xg)
& P

}M lul
k

H(xe)

Zé

S0
k=1
impliesthatd ¢ ¢ (X, U, || . ||, &, A, p), a contradiction. This completes the proof.
If the Theorems 4.1 and 4.2 are combined, we get:
Theorem 4.3: If p € £, (X, R"). Then for any A, p € s(X, C\ {0}),
LX U L&A =X U .|, & p, p) if and only if
0 <lim inf, #(x) < lim sup, #(x) < oo.
Corollary 4.4: For p € £, (X, R) and A € s (X, C\ {0}). Then
® LU, &M p) =L (X, Ul -, & p) iff lim inf, [A (x)lp(x) > 0;
) (XU|.LEpc LXUl.|, &M p) iff lim sup, A(x)|"™ < o;and

(i) £ U I,&Np) =L XU, & p)iff
0 <lim inf, [L(0)|" < lim sup, A (0| < eo.

Proof:
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If we take w(x) = 1 for each x in Theorems 4.1 , 4.2 and 4.3, we easily get the assertions (i), (ii) and (iii)

respectively.

Theorem 4.5: For p, q € £, (X, R and A € s (X, C\ {0}), if p(x) < g(x) for all
but finitely many x € X, then £(X, U, || .|, &, Ap) (X, U, | .|, & s q)-

Proof:
Assume that p(x) < g(x) for all but finitely many x € X.
Leto € (X, U, || .|, & A, p) , p> 0 be associated with ¢ , so that
T ( M) o(x) || 7Y
xe X 5 p
This implies that there exists a J € F (X)) such that

) is summable.

)
Q(M—M—“ = <t é forall x e X\J

p

ie., || AMx) ¢(x) || <1 forall x € X\J. This clearly implies that

( Ax X q(X)) ( ;\{xz Mx) px)
LA ¢ ) [ < .

p p

Since & is non decreasing, therefore

T ( AMx) ¢ (x) q(x))< z (
xeX/J & p _xeX/Jé

This proves that ¢ € (X, U, || . ||, &, A, ¢) and hence

(XU LS A p) (X, U -, & A, g).

After combining the Theorems 4.1 and 4.5, we get

Theorem 4.6: For p,q € £, (X, R ) and A, n € s (X, C\ {0}).
If (i) lim inf, #(x) > 0; and

(i) p(x) < g(x), for all but finitely many x € X, then
XU &Mt X UL E p 9)-

7\.()6) @(XE px)

In the following example, inspite of satisfaction of conditions (i) and (ii) of Theorem 4.6,we shall

illustrate that the containment of (X, U, || . ||, &, A, p) in (X, U, || . ||, &, W, g) may be strict.

Example 4.7:

Let (x;) be a sequence of distinct points of X. Take u € U such that
|l#|| =1 and define ¢ : X —> U by the equation

kfu,ifx=x,k=1,2,3, ...

9(x) = {6, otherwise.

Further if x = x; and consider p(x,) =k ', if kis odd ; p(x)) =k 2, if k is even.

1
g =k, (x) = 3, 1 () = 2% for all values of k, and plx)= 5 qx)=1,

A (x) =3, w(x) = 2 otherwise. Then for x = x;, £ > 1, we have

() 1/k
Mxk! Pk

wxg)
1/2

t(x)= (%) otherwise.

Hxp) =

3 3
=7 if kis odd; #(x;) = (5) if k is even and

Thus, we see that lim inf, #(x) > 0 and p(x) < ¢(x) for all but finitely many x € X and hence the conditions

(i) and (ii) of Theorem 4.6 are satisfied. Then we have

xeXg p p

_ k%):l&( Zkk;ku l/k)

(),

and hence ¢ € /( X, U, || .||, & W, q). Butif k is even integer, then

&( AX) 6 () Po‘)) _ é( || Mka(xk)”(""’)
p p

L1
§1F<oo,

> 0 @Y 2 (1 e b |
>e
k=1
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_ g’;( 3k 3k, 1/k2)
p

_ §(31/kk3/k u 1/k2)
3k P
k- 1
= i( ) &(313 )
) Ax) ¢ (x) PO
and shows that e X & 0 is not summable and hence ¢ ¢ / (X, U, || . ||, &, A, p).

Thus the containment of 7 (X, U, || . ||, &, A, p) in £( X, U, || . ||, &, W, q) is strict.
Theorem 4.8: £(X, U, || .||, & A, p) is normal .
Proof:
Letd € £ (X, U, || .|, & A, p), p> 0 be associated with ¢ and &> 0 .Then there exists a
J € F(X) such that
p(x)/L
& (Mﬂl— )<8, forevery x € X \J.

[
This shows that

T ( M) o) ||
xelX 5 o}

Now, if we take scalars a(x), x € X such that |a(x)| < 1, then
c (II a(x) Ax) 0@) || L) <t (\a(x)\ POTL ) ¢ () [P L)
P - P
< <g,
g o €

) is summable.

z [ o) M) o) 7"
and hencex X & ( 0

This shows thata ¢ € £ (X, U, || .|, & A, p) and hence ¢ (X, U, || . ||, &, A, p) is normal.
Theorem 4.9: 4(X, U, || .||, & A, p) forms a linear spaces over C.

Proof:
Leto,ye L (X, U, ||l. |, & A, p), p1>0and p, > 0 are associated with ¢ and y respectively and a,

B € C. Then we have
z M) o(x) || 7
(LRI .,

) is summable.

xe X 5 P1
)Y [ A00) w(x) || ”(X)/L)
andxe Y & ( 0, < oo,

We now set p such that p > 2p; A[a] and p > 2p, A[B], where 4 [t] = max (1, |t|). Then for such p and
using non decreasing and convex properties of & we have

z A (%) (ad(x) + Bw()) || p)/L
f )

xe X o
> || A (x) Old)(x) + || 7\4()6) BW(x) H p)/L
= xeX F’( " )
[1A6x) O“b(x) | PEIL H Ax) Bw(x) || pR)/L
= xe X ¢ ( )

p
p(x)/L ) /L
st 19660 17+ B ey oy 04

< XEX E"( p
Alo] 4
1
: xeX e (57 14090 17+ 3100 v 1)
! Lol ™ 1 T (L v
SzxeX E_,( o1 )+2X€X &( . )
< 00,

This implies that ap + By € ¢ (X, U, || . ||, &, A, p) and hence ¢ (X, U, || . ||, &, A, p) forms a linear space
over C. This completes the proof.
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