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ABSTRACT  
In this paper we prove some common fixed point theorems for family of occasionally weakly compatible mappings 

in Menger space. Also improvement of the results of B. D. Pant and Sunny Chauhan [1] under relaxed conditions is 

given. 
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INTRODUCTION 
The concept of probabilistic metric space was first introduced and studied by Menger [2]. It is a 
probabilistic generalization of metric space in which we assign to any two points x  and y , a 
distribution function yxF , . The study of this space was expanded rapidly with the pioneering 
works of Schweizer and Sklar [3]. Fixed point theory is one of fruitful and effective tools in 
mathematics which has many applications within as well as outside mathematics. In this theory a 
contraction is one of the main tools to prove the existence and uniqueness results on fixed points 
in probabilistic analysis. Jungck [4] proved fixed point theorem for pair of commuting mappings 
in metric space as a generalization of the well known Banach contraction principle. Sessa [5] 
generalized this result by using the weaker hypothesis than commutativity called weak 
commutativity. The concept of weak commutativity in probabilistic settings was first studied by 
Singh and Pant [6, 7]. 
 

Jungck [8] introduced the notion of compatibility. This idea introduced by Mishra [9] in Menger 

space which has been weakened by appearing the concept of weak compatibility by Jungck and 

Rhoades [10]. 

 

Cho, Sharma and Sahu [11] introduced the concept of semi-compatibility mappings in a d-

topological space. Singh and Jain [12] established some fixed point theorems in Menger space 

using semi-compatibility of the mappings. More recently, Al-Thagafi and Shahzad [13] 

weakened the concept of compatibility by giving a new notion of occasionally weakly 

compatible (owc) mappings which is most general among all the commutativity concepts. The 

notion of occasionally weakly compatible (owc) mappings has become an area of interest for 

specialists in fixed point theory. 
 
In this paper we obtain some common fixed point theorems for three pairs and family of self 
mappings under the condition of occasionally weak compatibility (owc) in Menger spaces, we 
improve and extend the results of Pant and Chauhan [1] and other results on compatible or 
weakly compatible mappings under relaxed conditions in Menger space.We first give some 
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preliminaries and definitions. 
 

PRELIMINARIES AND DEFINITIONS 

Definition 2.1 [3]: A real valued function f  on the set of real numbers is called a distribution 

function if it is non-decreasing, left continuous with 0=)(finf uRu  and 1=)(fsup u
Ru

. 

The Heaviside function H  is a distribution function defined by  

 


 

0.>1,

00,
=)(

u

u
uH  

Definition 2.2 [3]: Let X  be a non-empty set and let L  denote the set of all distribution 

functions defined on X . An ordered pair ),( FX  is called a probabilistic metric space where F  

is a mapping from XX   into L  if for every pair Xyx ),(  a distribution function yxF ,  

assumed to satisfy the following conditions:   

(1) )(=)(, uHuF yx  if and only if yx = ;  

(2) )(=)( ,, uFuF xyyx ;  

(3) 0=(0),yxF ;  

(4) If 1=)( 1, uF yx  and 1=)( 2, uF zy , then 1=)( 21, uuF zx   for all zyx ,,  in X  and 0, 21 uu .   

Definition 2.3 [3]: A t-norm is a function [0,1][0,1][0,1]: t  satisfying the following 

conditions:   

(T1) 0=(0,0),=,1)( taat ;  

(T2) ),(=),( abtbat ;  

(T3) ),(),( batdct   for bdac  , ;  

(T4) )),(,(=)),,(( cbtatcbatt for all cba ,,  in [0,1] .  

Definition 2.4 [3]: A Menger probabilistic metric space is an ordered triple ),,( tFX , where t  is 

a t-norm, and ),( FX  is a probabilistic metric space satisfying the following condition: 

))(),(()( 2,1,21, uFuFtuuF zyyxzx   for all zyx ,,  in X  and 0, 21 uu .  

Definition 2.5 [9]: A sequence }{ nx  in ),,( tFX  is said to converge to a point Xx  if for every 

0>  and 0> , there exists a positive integer ),( N  such that  1>)(,x
n

xF  for all 

),( Nn  .   

Definition 2.6 [9]: A sequence }{ nx  in ),,( tFX  is said to be a Cauchy sequence if for every 

0>  and 0> , there exists a positive integer ),( N  such that  1>)(,
m

x
n

xF  for all 

),(, Nmn  .   

Definition 2.7 [9]: A Menger space ),,( tFX  with continuous t-norm is said to be complete if 

every Cauchy sequence in X  converges to a point in X .   

Definition 2.8: A coincidence point of two mappings is a point in their domain having the same 

image point under both mappings. 

   Formally, given two mappings YX :g,f  we say that a point x  in X  is a coincidence point 

of f and g if )(=)( xgxf .   
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Definition 2.9 [9]: Two self mappings A  and B  of a Menger space ),,( tFX  are said to be 

compatible if 1)(, tF
n

BAx
n

ABx  for all 0>t , whenever }{ nx  is a sequence in X  such that 

xBxAx nn ,  for some x  in X  as n .   

Definition 2.10 [10]: Two self mappings A  and B  of a Menger space ),,( tFX  are said to be 

weakly compatible (or coincidentally commuting) if they commute at their coincidence points, 

i.e., if BxAx =  for some Xx , then BAxABx = .   

Remark 2.1 [14]: Two compatible self mappings are weakly compatible but the converse is not 

true. Therefore, the concept of weak compatibility is more general than that of compatibility.   

Example 2.1: Let RX =  be the set of real numbers. Define XXBA :,  by  

 
2

0, = 1,
( ) = and  ( ) = 2 1, .

, 1,

x
A x B x x x X

x x


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 
 

   For any sequence }{ nx  in X  with zBxAx nn ,  as n  for some Xz , we find that 

nn BAxABx ,  converge to the same point in X , i.e., 1=)(lim , tF
n

BAx
n

ABxn  . For example , take 

}
1

{=
n

n
xn ,we can find 2= ( ) ,

1
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2 21
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 . Also, 21
= ( ) ,

1
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n
ABx

n


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1=)
1

1

1
1

(lim=lim
2

n

nABx nnn





 , 
2= 2( ) 1,

1
n

n
BAx

n



1=1)

1
(lim2=lim

2 



n

n
BAx nnn . 

Therefore, 1=)(=)(lim 1,1, tFtF
n

BAx
n

ABxn  . Hence, the pair ),( BA  is compatible. Also, 1 is the 

unique coincidence point for BA,  and (1)=(1) BAAB  then they are weakly compatible.  

Definition 2.11 [13]: Self mappings A  and B  of a Menger space ),,( tFX  are said to be 

occasionally weakly compatible if and only if there exists a point Xx such that BxAx =  and 

BAxABx = . 

Remark 2.2: we can say that A  and B  are (owc) if there exists a point Xx  such that 

BxAx =  and BAxAAx = .   

Definition 2.12 [12]: A pair ),( BA  of self mappings of a Menger space ),,( tFX  is said to be 

semi-compatible if 1)(, tF Bx
n

ABx  for all 0>t ,whenever }{ nx  is a sequence in X  such that 

xBxAx nn ,  for some Xx  as n .   

Remark 2.3: In nontrivial case in which there is at least one coincidence point. the concept of 

occasionally weak compatibility is more general than that of weak compatibility.  

Example 2.2: Let [0,1]=X . Define XXBA :,  by  
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   For any ,1]
2

1
(x , 

2
1=

2
=

xx
AABx   and 

2
=

2
=

xx
BBAx . Since, 

22
1

xx
  for all ,1]

2

1
(x  

then A  and B  are not (wc). Moreover, at 
2

1
=x , )

2

1
(=)

2

1
( BA  and )

2

1
(=)

2

1
( BAAB , implies, A  

and B  are (owc).  

Lemma 2.1 [9]: Let ),,( tFX  be a Menger space. If there exists (0,1)k  such that:  

)()( ,, tFktF yxyx   

for all Xyx ,  and 0>t  then yx = . 

MAIN RESULTS 

Pant and Chauhan [1] proved the following theorem.  

Theorem 3.1: Let A , B , S , T , L  and M  be self mappings on a complete Menger space 

),,( tFX   

with continuous t-norm and t  defined by },{=),( baminbat  for all [0,1], ba  and satisfy the 

following :   

(i) ( ) ( )   and   ( ) ( );AB X M X ST X L X    

(ii) )(XM and )(XL  are complete subspace of X ;  

(iii) Either AB  or ST  is continuous;  

(iv) ),( LAB  is semi-compatible and ),( MST  is       weakly compatible;  

(v) for all Xqp ,  , (0,1)k  and 0>t , 
3 3 3

, , ,

3

, ,

2

, ,

( ) min{ ( ), ( ),

                     ( ), (2 ),

                     (2 ), ( )}.

ABp STq Lp Mq ABp Lp

STq Mq ABp Mq

STq Lp STq Mq

F kt F t F t

F t F t

F t F t



  

Then AB , ST , L  and M  have a unique common fixed point in X .  

   Motivated by the results of Pant and Chauhan [15] we improve theorem 3.1 .Our 

improvements are: 

(1) Relaxed the continuity requirement of mappings completely. 

(2) Completeness of the whole space.  

(3) Weakened the concepts of semi-compatibility and weak compatibility by more general 

concept of occasionally weak compatibility.  

(4) Minimal type contractive condition used. 

Theorem 3.2: Let A , B , S , T , L  and M  be self mappings on a Menger space ),,( tFX  with 

continuous t-norm and t  defined by },{=),( baminbat  for all [0,1], ba  and satisfy the 

following :   

(a) the pairs },{ LAB  and },{ MST  are (owc);  

(b) BAAB = , TSST = , BLLB = and TMMT = ;  

(c) for all Xqp ,  , (0,1)k  and 0>t , 
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3 3 3

, , ,

3

, , ,

( ) min{ ( ), ( ),

( ), (2 ), (2 )}.

ABp STq Lp Mq ABp Lp

STq Mq ABp Mq STq Lp

F kt F t F t

F t F t F t


  

Then A , B , S , T , L  and M  have a unique common fixed point in X .  

   Proof: Since ),( LAB  is occasionally weakly compatible then there exists a point x  in X  such 

that LxABx =  and LABxABABx = . Also, as ),( MST  is occasionally weakly compatible then 

there  

exists a point y  in X  such that MySTy =  and MSTySTSTy =  

Step 1: Putting xp = , yq =  in (c), we get:  

 

3 3 3

, , ,

3

, , ,

3

,

, ,

( ) min{ ( ), ( ),

           ( ), (2 ), (2 )},

                    min{ ( ),1,1,

                     (2 ), (2 )},

                   

ABx STy Lx My ABx Lx

STy My ABx My STy Lx

ABx STy

ABx STy STy ABx

F kt F t F t

F t F t F t

F t

F t F t

F





 3

, ( ).ABx STy t

 

By lemma 2.1, we have STyABx = . Therefore, zMySTyABxLx ====  Now, we show that z  

is a fixed point of AB . 

Step 2: Putting ABxp = , yq =  in (c), we get:  

 

3 3 3

, , ,

3

, , ,

3

,

, ,

( ) min{ ( ), ( ),

                 ( ), (2 ), (2 )},

                      min{ ( ),1,1,

                      (2 ),

ABABx STy LABx My ABABx LABx

STy My ABABx My STy LABx

ABABx STy

ABABx STy STy ABABx

F kt F t F t

F t F t F t

F t

F t F





3

,

(2 )},

                      ( ).ABABx STy

t

F t

   

 Thus, )()( ,, tFktF STyABABxSTyABABx  , for all 0>t . STyABABx = . Therefore,  

= = .z Lz ABz  (3.1) 

 Step 3: Putting Bzp = , yq =  in (c), we get:  

 

3 3 3

, , ,

3

, , ,

( ) min{ ( ), ( ),

              ( ), (2 ), (2 )}.

ABBz STy LBz My ABBz LBz

STy My ABBz My STy LBz

F kt F t F t

F t F t F t


 

As BLLB =  and BAAB = , so BzLzBBzL =)(=)(  and BzABzBABBz =)(= . Hence,  

    0>)()( ,
3

,
3 tforalltFktF zBzzBz   

 Since zABz =  and zBz = , then zAz = . Thus,  

= = = .z Lz Az Bz                (3.2) 

 Similarly, using the fact that the pair ),( MST  is (owc) then MzMSTySTSTySTz === . Now, 

we show that z  is a fixed point of ST . 

Step 4: Putting zp = , STyq =  in (c), we get:  

 

3 3 3

, , ,

3

, , ,

( ) min{ ( ), ( ),

     ( ), (2 ), (2 )},

ABz STSTy Lz MSTy ABz Lz

STSTy MSTy ABz MSTy STSTy Lz

F kt F t F t

F t F t F t


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3 3

, , , ,

3

,

min{ ( ),1,1, (2 ), (2 )},

           ( ).     

z STz z STz z STz STz z

z STz

F F t F t F t

F t




 

Thus, )()( ,, tFktF STzzSTzz  , for all 0>t . STzz = . Therefore,  

     = = .z Mz STz                      (3.3) 

 Step 5: Putting zp = , Tzq =  in (c), we get:  

 

3 3 3

, , ,

3

, , ,

( ) min{ ( ), ( ),

        ( ), (2 ), (2 )}.

ABz STTz Lz MTz ABz Lz

STTz MTz ABz MTz STTzy Lz

F kt F t F t

F t F t F t


 

 As TMMT =  and TSST = , so TzMzTTzM =)(=)(  and TzSTzTSTTz =)(= . Hence, 

0>)()( ,
3

,
3 tforalltFktF TzzTzz  , 

 Since zSTz =  and zTz = , then zSz = . Thus,  

= = = .z Mz Sz Tz                 (3.4) 

Step 6(uniqueness): Let w  be another fixed point of the six mappings, then 

wSwTwMwLwBwAw ====== . 

   Putting zp =  and wq =  in (c), to obtain: 

 

3 3 3

, , ,

3

, , ,

( ) min{ ( ), ( ),

          ( ), (2 ), (2 )},

ABz STw Lz Mw ABz Lz

STw Mw ABz Mw STw Lz

F kt F t F t

F t F t F t


 

 

3 3 3 3

, , , ,

, ,

3

, ,

,

3

,

( ) min{ ( ), ( ), ( ),

                            (2 ), (2 )},

                min{ ( ),1,1, (2 ),

                           (2 )},

               ( ). 

z w z w z z w w

z w w z

z w z w

w z

z w

F kt F t F t F t

F t F t

F t F t

F t

F t







 

Thus, )()( ,, tFktF wzwz   for all 0>t .then wz =  and z  is a unique common fixed point of the six 

mappings. 

   As a generalization of theorem 3.2, we prove the following result for a finite family of self 

mappings.  

Theorem 3.3: Let 1P , 2P ,..., nP ,…, 2nP  be self mappings on a Menger space ),,( tFX  with 

continuous t-norm , },{=),( baminbat  for all [0,1], ba  and satisfy the following :   

(a) the pairs },...{ 11253 PPPP n  and },...{ 2264 PPPP n  are (owc);  

(b) 31251253 )...(=)...( PPPPPP nn  , 

   5312712753 )...(=)...( PPPPPPPP nn  , 

   . 

   . 

   . 

   325312123253 ...)(=)(...  nnnn PPPPPPPP , 

   11251251 )...(=)...( PPPPPP nn  , 

   11271271 )...(=)...( PPPPPP nn  , 
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   . 

   . 

   . 

  112121 = PPPP nn  , 

  426264 )...(=)...( PPPPPP nn , 

  64282864 )...(=)...( PPPPPPPP nn , 

   . 

   . 

   . 

   nnnn PPPPPPPP 264222264 ...)(=)(...  , 

   226262 )...(=)...( PPPPPP nn , 

   . 

   . 

   . 

   2222 = PPPP nn , 

(c) for all Xqp ,  , (0,1)k  and 0>t , 
3 3

... , ... ,
3 5 2 1 4 6 2 1 2

3 3

... , ... ,
3 5 2 1 1 4 6 2 2

... , ... ,
3 5 2 1 2 4 6 2 1

( ) min{ ( ),

                                  ( ), ( ),

                                 (2 ), (

P P P p P P P q P p P q
n n

P P P p P p P P P q P q
n n

P P P p P q P P P q P p
n n

F kt F t

F t F t

F t F









2 )}.t

 

Then 1 2,... nP P  have a unique common fixed point in X .  

Proof:  Since ),...( 1123 PPP n  is occasionally weakly compatible then there exists a point x  in X  

such that:  3 2 1 1 3 2 1 3 2 1 1 3 5 2 1... =   ... ... = ... .n n n nP P x Px and P P P P x PP P P x    Also, as ),...( 224 PPP n  is 

occasionally weakly compatible then there exists a point y  in X  such that: 

 4 2 2 4 2 4 2 2 4 2... =  and ... ... = ... .n n n nP P y P y P P P P y P P P y   

Step 1: Putting xp = , yq =  in (c), we get:  

 

3 3 3

... , ... , ... ,
3 2 1 4 2 1 2 3 2 1 1

3

... , ... , ... ,
4 2 2 3 2 1 2 4 2 1

3

... , ...
3 2 1 4 2

( ) min{ ( ), ( ),

            ( ), (2 ), (2 )},

                                   min{

P P x P P y P x P y P P x P x
n n n

P P y P y P P x P y P P y P x
n n n

P P x P P
n n

F kt F t F t

F t F t F t

F

 









... , ... ... , ...
3 2 1 4 2 4 2 3 2 1

3

... , ...
3 2 1 4 2

( ),1,1,

           (2 ), (2 )},

                                   ( ).

y

P P x P P y P P y P P x
n n n n

P P x P P y
n n

t

F t F t

F t

 




 

 Hence by lemma (2.1), we have yPPxPP nn 24123 ...=...  . Therefore, 

zyPyPPxPPxP nn ==...=...= 2241231   Now, we show that z  is a fixed point of 123... nPP . 

Step 2. Putting xPPp n 123...=  , yq =  in (c), we get:  
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3 3

... ... , ... ... ,
3 2 1 3 2 1 4 2 1 3 2 1 2

3 3

... ... , ... ... ,
3 2 1 3 2 1 1 3 2 1 4 2 2

... ... , ... , ...
3 2 1 3 2 1 2 4 2 1 3 2

( ) min{ ( ),

             ( ), ( ),

           (2 ),

P P P P x P P y P P P x P y
n n n n

P P P P x P P P x P P y P y
n n n n

P P P P x P y P P y P P P
n n n

F kt F t

F t F t

F t F

  

  

 



1

3

... ... , ...
3 2 1 3 2 1 4 2

... ... , ... ... , ... ...
3 2 1 3 2 1 4 2 4 2 3 2 1 3 2 1

3

... ... , ...
3 2 1 3 2 1 4 2

(2 )},

          min{ ( ),1,1,

(2 ), (2 )},

         ( ).

x
n

P P P P x P P y
n n n

P P P P x P P y P P y P P P P x
n n n n n n

P P P P x P P y
n n n

t

F t

F t F t

F t



 

   

 





 

 Thus, 
... ... , ... ... ... , ...

3 2 1 3 2 1 4 2 3 2 1 3 2 1 4 2
( ) ( ),P P P P x P P y P P P P x P P y

n n n n n n
F kt F t

   
  

for all 0>t  yPPxPPPP nnn 24123123 ...=......  . Therefore,  

   1 3 2 1= = ... .nz Pz P P z                   (3.5) 

 Step 3: Putting zPPp n 125...=  , yq =  in (c), we get:  

 

3 3

... ... , ... ... ,
3 2 1 5 2 1 4 2 1 5 2 1 2

3 3

... ... , ... ... ,
3 2 1 5 2 1 1 5 2 1 4 2 2

... ... , ... , ...
3 2 1 5 2 1 2 4 2 1 5 2

( ) min{ ( ),

            ( ), ( ),

          (2 ),

P P P P z P P y P P P z P y
n n n n

P P P P z P P P z P P y P y
n n n n

P P P P z P y P P y P P P
n n n n

F kt F t

F t F t

F t F

  

  

  



1
(2 )}.z t

 

 As 11251251 )...(=)...( PPPPPP nn   and 31251253 )...(=)...( PPPPPP nn  , 

so zPPzPPPzPPP nnn 12511251251 ...=)...(=)...(    

and 
3 5 2 1 5 2 1 5 2 1 3 2 1 5 2 1... ... = ... ( ... ) = ... .n n n n nP P P P P z P P P P z P P z    

Hence,  

 
3 3

... , ... ,
5 2 1 5 2 1

( ) ( )   > 0.P P z z P P z z
n n

F kt F t for all t
 

  

 Since zzPPP n =... 1253   and zzPP n =... 125  , then zzP =3 . Thus, ....=== 12531 zPPzPzPz n  

Continuing this procedure, we obtain  

   1 3 5 2 1= = = = ... = .nz Pz P z P z P z       (3.6) 

 Similarly, using the fact that zPyPPPyPPPPzPP nnnn 2242242424 =...=......=... . Now, we show that 

z  is a fixed point of nPP 24... . 

Step 4: Putting zp = , yPPq n24...=  in (c), we get:  

 

3 3

... , ... ... , ...
3 2 1 4 2 4 2 1 2 4 2

3 3

... , ... ... , ...
3 2 1 1 4 2 4 2 2 4 2

... , ... ... ... ,
3 2 1 2 4 2 4 2 4 2 1

( ) min{ ( ),

             ( ), ( ),

           (2 ), (2 )},

P P z P P P P y P z P P P y
n n n n

P P z P z P P P P y P P P y
n n n n

P P z P P P y P P P P y P z
n n n n

F kt F t

F t F t

F t F t









 

3 3

, ... , ...
4 2 4 2

, ... ... ,
4 2 4 2

3

, ...
4 2

min{ ( ),1,1,

                             (2 ), (2 )},

                 ( ).             

z P P z z P P z
n n

z P P z P P z z
n n

z P P z
n

F F t

F t F t

F t





 

Thus, )()(
2

...
4

,
2

...
4

, tFktF z
n

PPzz
n

PPz  , for all 0>t . zPPz n24...= . Therefore,  

2 4 2= = ... .nz P z P P z                (3.7) 
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 Step 5: Putting zp = , zPPq n26...=  in (c), we get:  

 

3 3

... , ... ... , ...
3 2 1 4 2 6 2 1 2 6 2

3 3

... , ... ... , ...
3 2 1 1 4 2 6 2 2 6 2

... , ... ... ... ,
3 2 1 2 6 2 4 2 6 2 1

( ) min{ ( ),

            ( ), ( ),

           (2 ), (2 )}.

P P z P P P P z P z P P P z
n n n n

P P z P z P P P P z P P P z
n n n n

P P z P P P z P P P P z P z
n n n n

F kt F t

F t F t

F t F t









 As 226262 )...(=)...( PPPPPP nn  

and 426264 )...(=)...( PPPPPP nn ,  

so zPPzPPPzPPP nnn 26226262 ...=)(...=)...(   

and zPPzPPPPzPPPP nnnnn 2624262624 ...=)...(...=...... . Hence,

3 3

, ... , ...
6 2 6 2

( ) ( )   > 0.z P P z z P P z
n n

F kt F t for all t  

 Since zzPP n =... 24  and zzPP n =... 26 , then zzP =4 . Thus, ....=== 2642 zPPzPzPz n  

Continuing this procedure, we obtain  

   2 4 6 2= = = = ... = .nz P z P z P P z  (3.8) 

Step 6(uniqueness): Let w  be another fixed point of these family, then 

wwPwPwP n ==...== 21 . 

   Putting zP =  and wq =  in (c), to obtain: 

 

 
3 3 3

... , ... , ... ,
3 2 1 4 2 1 2 3 2 1 1

3

... , ... , ... ,
4 2 2 3 2 1 2 4 2 1

( ) min{ ( ), ( ),

             ( ), (2 ), (2 )},

P P z P P w P z P w P P z P z
n n n

P P w P w P P z P w P P w P z
n n n

F kt F t F t

F t F t F t

 




 

  

 

3 3 3 3

, , , ,

, ,

3

,

( ) min{ ( ), ( ), ( ),

                           (2 ), (2 )},

                ( ).       

z w z w z z w w

z w w z

z w

F kt F t F t F t

F t F t

F t





 

Thus, )()( ,, tFktF wzwz   for all 0>t . then wz =  and z  is a unique common fixed point of the 

family of mappings.  
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