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Abstract:
In this paper , we generalize some inequalities concerning to the Bernstein’s inequality for polynomials .
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INTRODUCTION
If P(z) is a polynomial of degree n, then concerning the estimate of the maximum of|P(z)| on

the unit circle |z| =1 and the estimate of the maximum of |P(z)| on a large circle |z|=R>1, we
have

maxi,=1|P'(2)| £ nmax;=1|P(2)| (1)
max|,|=g>1|P'(z)| < R™ max;=1|P(2)| 2

Inequality (1) is an immediate consequence of Bernstein’s theorem on the derivative of a
trigonometric polynomial (for reference see [4]). Inequality (2) is a simple deduction from
maximum modulus principle (see [3,p.346] or [2,Vol. i, p.137]).

In both (1) and (2) equality holds only for P(z) =az", |a| =0 thatis, if and only if P(z) has all
its zeros at the origin. Recently it was shown by Frappier, Rahman and Ruscheweyh
[1,theorem 8] that, If P(z) is a polynomial of degree n, then
ikm
p(en)
Clearly (3) represents a refinement of (1), since the maximum of |P(z)| on may be larger

maX|Z|=1|P'(Z)| < NMMaXq<k<2n

than the maximum of |P(z)| taken over the (2n)" roots of unity, as is shown by the example
P(z)=z"+ia,a>0

Now we have, If P(z) isa polynomial of degree n, then for all real 2, and R > 1,

R"-1

n‘2‘§1x|P(Rz)— P(z)| < M, +M,. ] (4)

where
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i(2kz+2)

Pe " )

M, = max

1<k<n

and M, _
holds for P(z) =z" +re"” —1<r<1,

Theorem A: If P(z) is a polynomial of degree n, then forall real 2, and R>1,
maxj=1 |P(Rz) — P(2)| < [ M, + Myyr |, 5)
where

i(2kz+2)
M, =max|P(e " )

1<k<n

and M, isobtained by replacing A by A+7 in M.

Theorem B: If P(z) is a polynomial of degree n, having all zeros in |z| >1, then for all
real Aand R>1,

n

max |P(R2) = P(2)| S ——[ M,* + My, 2172 (6)

Theorem C: If P(z) is a polynomial of degree n such that P(1)=0, thenfor 0 < w <n

P(1=2)1<((1=2)"|P (3) I = 3 (Mo + Masr | +5 Mo + Man}. (D)

MAIN RESULTS
Theorem 1 : If P(z) is a polynomial of degree n, thenforallreal A and R>r>1

RN —pT
[ M, + My ] ®)

maxj,=1 |P(rz) — P(rz)| < >

Remark 1: For r =1, we get (5).
On dividing both sides of (8) by (R—r) and letting R —r, we get
Corollary 1: If P(z) is a polynomial of degree n, thenforallreal A and r > 1

nr‘n—l
2

max|,|=1 |P'(rz)| < [ M, + Mysr ]

Theorem 2: If P(z) is a polynomial of degree n, having all zeros in |z| > 1,
then forallreal A and R>r>1,

RM—rM

max;ioy [P(R2) = Pra)l < 550 M7 4 My 212 (9)

Is obtained by replacing A by A+ in M, . The result is best possible and equality
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Remark 2: For r=1, we get (6).
Now dividing on both sides by (R—r) of (9) and letting R —r we obtain

Corollary 2: If P(z) is a polynomial of degree n, having all zerosin |z| > 1,
then forallreal 4 and r > 1,

, nrn-1 2 21Y
max|z|=1 |P (T'Z)| =< 2 [ M}\ + Myin ] 2
Theorem 3: If P(z) is a polynomial of degree n such that P(1)=0, thenfor 0 < w <n
andr =1

P(1=2) 1< [(1=2)r1"[1P (3) | = 5 Mo + My ] +5 (Mo + My }
Remark 3: For r =1, we get (7).

LEMMAS
To prove these results, we use the following lemmas:

Lemma 1: If P(z) is a polynomial of degree n, then for all real 4,
maXjzj=1 [P'(2)| S [ M, + Myyr ],

where
i(2kz+A)

Pe " )

M, = max

1<k<n

and M, _isobtained by replacingA by A+7z inM .

A+7

Lemma 2: If P(z) is a polynomial of degree n, having all zeros in |z| > 1,
then for all real A

1
maxiz=1 1P' (D) S 5[ M? + My 2172,

THE Tt SR %nd equality holds for
P(z) = 2" + e'®.

PROOF OF THEOREMS
Proof of Theorem 1: Applying (2) to the polynomial P'(z) , which is of degree n—1, we get

pr(sei&l)‘ < Sr1—1 r‘g‘glx| p¢(z)|

Therefore by lemma 1, we have

n—-1
maXjzi=; |P'(s2)] S =—[ M, + My4z ]
Hence for each 4, 0<9< 27 and R>r >1, we have

|P(Re'”) - P(re"*)| =

R
.[e“gP’(se”)ds
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|P(Rz) — P(rz)| < g[ M, + Myyn ]er s"lds

IP(R2) = P(r2)| < X2 M, + My
where
i(2kz+A)
M, = max Pe " )
and M, _ isobtained by replacing A by A+z in M, .

Proof of Theorem 2: Applying (2) to the polynomial P’(z) of degree n—1, we get

pr(seiS)‘ < Snfl r‘n&iq p!(z)|
Using lemma 2, we have

Vi [ — 1
max|j=y [P'(se?)| < s"IE)[ M, + My, 2] 72
Hence foreach ¢, 0< %<2z and R>r>1, wehave,for R>r>1

|P(Re'”) - P(re"*)| =

R
je‘gP’(se”)ds

This implies
R™"—1" 1
max|z|=1 |P(Rz) — P(rz)| < - [ MAZ + Mjin 2] /2,
where
i(2kz+A)
M, = max Pe " )
and M, _is obtained by replacing A by A+ 7z inM,.

Proof of Theorem 3: If Q(2) = z”P_(%), then |Q(z)| = |P(z)| for |z| = 1 andby hypothesis,
we have |Q(1)| = |P(1)| = 0. Applying theorem 1 to Q(z) with 1=0, we get for R >r>1
10(R2) = Q(r2)| < =—[ M, + M, ],

This implies for R >r >1
1 1 n 1
| P() |s s (R = r") [ M)+ M, 1+ =PI

If 0 < w < nthen (1 - %) > 1 and therefore and in particular, we have

|P(1=2)1 < [(1=2)r1"[1P (3) | = 5 (Mo + Myyr Y] + 5 {Mo + My, }. Hence the
result.

ACKNOWLEDGEMENT
Authors are highly thankful to the referees for their valuable suggestions/comments.

143



KATHMANDU UNIVERSITY JOURNAL OF SCIENCE, ENGINEERING AND TECHNOLOGY
VOL. 9, No. I, July, 2013, pp 140-144

REFERENCES

[1] Frappier C, Rahman Q I & Ruscheweyh St, New Inequalities for polynomials , Trans
Amer. Math. Soc. 288 (1985) 69.

[2] Polya G and G. Szego G, Aufgaben und Lehrsatze aus der Analysis, Springer — verlag,
Berlin, 1925

[3] Riesze M, Uber einen Satz des Herrn Serge Bernstein, Acta Math. 40 (1916)337.

[4] Schaeffer A C, Inequalities of A. Markoff and S. Bernstein, for polynomials and related

functions, Bull. Amer. Math. Soc. 47(1947)565.

144



