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ABSTRACT 
The present paper is aimed at obtaining common fixed point theorems for a pair of selfmaps satisfying 

nonexpansive or Lipschitz type condition by using the notion of pointwise R- weak commutativity but without 

assuming the completeness of the space or continuity of the mappings involved. 
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INTRODUCTION 

The study of common fixed points of compatible mappings emerged as an area of intense 

research activity ever since Jungck [1] introduced the notion of compatible mappings in 

1986. However, the study of common fixed points of noncompatible mappings is also 

interesting. Work on these lines has recently been initiated by Pant [3, 4, 5, 6].  In the study 

of common fixed points of compatible mappings we often require assumptions on 

completeness of the space or continuity of the mappings involved besides some contractive 

condition, but the study of fixed points of noncompatible mappings can be extended to the 

class of nonexpansive or Lipschitz type mappings pairs [5] even without assuming continuity 

of the mappings involved or completeness of the space. 

 

Two selfmaps f, g of a metric space (X,d) are called R-weakly commuting (see Pant [2]
 
) if 

there exists some real number R>0 such that d(fgx,gfx)  R(d (fx,gx)) for all x in X. f and g 

are called pointwise R-weakly commuting if given x in X, there exists R>0 such that 

d(fgx,gfx)  R(d(fx,gx)). 

It was proved by the first author [3, 4, 7] that pointwise R-weak commutativity is  

(i) equivalent to commutativity at coincident points; and  

(ii) a necessary, hence minimal, condition for the existence of common fixed 

points of contractive type mappings. 

Two selfmaps f and g of a metric space (X,d) are called compatible (see Jungck [1]) if 

limnd(fgxn, gfxn)=0, whenever {xn} is a sequence in X such that limnfxn =  limngxn = t for 

some t in X. It is clear from the above definition that f and g will be noncompatible if there 

exists at least one sequence {xn} such that limnfxn = limngxn = t for some t in X but 
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limnd(fgxn, gfxn) is either non-zero or non-existent. Compatibility implies pointwise R-weak 

commutativity since compatible maps commute at their coincidence points. However, as 

shown in the examples on the following pages, pointwise R-weakly commuting maps need 

not be compatible. 
 

In the present paper, we obtain common fixed point theorems for a pair of mappings 

satisfying nonexpansive or Lipschitz type condition by employing the notion of pointwise R-

weak commutativity and simple techniques of contraction maps.RESULTS 

THEOREM 1: Let f and g be noncompatible pointwise R-weakly commuting selfmappings 

of a metric space (X, d) satisfying 

(i)     
____

fX   gX,  where 
____

fX  denotes the closure of range of f. 

(ii)    d(fx, fy)   k d(gx, gy),   k  0, and 

(iii)   d(fx, f
 2
x ) < max {d(gx, gfx), d(fx,gx), d(f

2
x, gfx), d(fx, gfx), d(gx, f

2
x)}       

whenever  fx  f
2
x 

Then f and g have a common fixed point. 

PROOF:  Since f and g are noncompatible, there exists a sequence {xn} such that fxn  t and 

gxnt for some t in X but limnd(fgxn, gfxn) is either nonzero or nonexistent. Then, since 

Xft  and 
____

fX   gX there exists u in X such that t = gu. By (ii) we now get 

d(fxn, fu)   kd(gxn, gu) 

On letting t    we get fu = gu. Pointwise R-weak commutativity of f and g 

implies that  fgu = gfu. Also, ffu = fgu = gfu = ggu. We claim that ffu = fu. If not, by virtue of 

(iii) we get 

d(fu, ffu) < max {d(gu, gfu), d(fu, gu), d(ffu, gfu), d(fu, gfu), d(gu, ffu)} 

    = d(fu, ffu) 

a contradiction. Hence fu = ffu = gfu and fu is a common fixed point of f and g.  This 

completes the proof of the theorem. 

We now give an example to illustrate the above theorem. 

EXAMPLE 1:  Let X = [2, 20] and d be the usual metric on X. Define f, g : X  X as  

 fx = 2       if     x = 2 or  > 5,      fx = 6       if  2 < x  5 

 g2 = 2,   gx = 7   if 2 < x  5,    gx = (4x + 10)/15     if x > 5 
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Then f and g satisfy all the conditions of the above theorem and have a unique 

common fixed point at x = 2. 

In this example fX = {2} U {6} and gX = [2, 6] U {7}. It may be seen that      
____

fX  

 gX. It can be verified also that f and g are pointwise R-weakly commuting maps. f and g 

are pointwise R-weakly commuting since they commute at their coincidence points. To see 

that f and g are noncompatible, let us consider a sequence                      {xn = 5 + 1/n : n> 1}, 

then limnfxn = 2, limngxn  2, limnfgxn = 6 and limngfxn = 2. Hence f and g are 

noncompatible. It can be verified that f and g satisfy the Lipschitz type condition 

d(fx, fy)   k d(gx, gy) with k = 4 

together with the condition 

d(fx, f
 2
x ) < max {d(gx, gfx), d(fx,gx), d(f

2
x, gfx), d(fx, gfx), d(gx, f

2
x). 

As a corollary of above result we now give the following theorem.                        

THEOREM 2: Let f and g be noncompatible pointwise R-weakly commuting selfmappings 

of a metric space (X, d) satisfying condition (i) and (ii) of theorem 1 and  

(iii)    d(fx, f
 2
x ) > max {d(gx, gfx), d(fx,gx), d(f

2
x, gfx), d(fx, gfx), d(gx, f

2
x)}       

whenever  fx  f
2
x 

Then f and g have a common fixed point. 

The theorem can be proved in similar manner as in theorem 1. To illustrate the 

theorem we give an example. 

 

EXAMPLE 2:  Let X=[2, 20] and d be the usual metric on X. Define f, g : X  X as  

 fx = 2       if     x = 2 or  > 5,        fx = 8       if  2 < x  5 

 g2 = 2,    gx = 7   if 2 < x  5,     gx = (4x + 10)/15     if x > 5 

Then f and g satisfy all the conditions of the above theorem and have a unique common fixed 

point at x = 2.  

 

It may be seen that in the example above f and g satisfy all the conditions of Theorem 2 with 

k = 6. 

 

As a corollary of Theorem 1 ibid, we get a common fixed point theorem for nonexpansive 

type mapping pairs.  We formally state it as follows. 

Corollary 1: Let f and g be noncompatible pointwise R-weakly commuting selfmappings of a 

metric space (X, d) satisfying 
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(i)     
____

fX    gX,  where 
____

fX  denotes the closure of range of f. 

(ii)    d(fx,fy)    d(gx,gy),   and 

(iii) d(fx, f
 2
x ) < max {d(gx, gfx), d(fx,gx), d(f

2
x, gfx), d(fx, gfx),  

d(gx, f
2
x)}whenever  fx  f

2
x 

Then f and g have a common fixed point. 

Above result be proved in the similar lines of theorem 1. To illustrate our 

argument we now give an example. 

EXAMPLE 3 :  Let X=[2, 20] and d be the usual metric on X. Define f, g : X  X as  

 fx = 2       if     x = 2 or  > 5,          fx = 6       if  2 < x  5 

 g2 = 2,     gx = 10   if 2 < x  5,   gx = (4x + 10)/15     if x > 5 

Then f and g satisfy all the conditions of the corollary 1 and have a unique common 

fixed point at x = 2. 

In this example fX = {2} U {6} and gX = [2, 6] U {10}. It may be seen that        fX 

 gX. It can be verified also that f and g are pointwise R-weakly commuting maps. f and g 

are pointwise R-weakly commuting since they commute at their coincidence points. To see 

that f and g are noncompatible, let us consider a sequence                      {xn = 5 + 1/n : n > 

1}, then limnfxn = 2, limngxn  2, limnfgxn = 6 and limngfxn = 2. Hence f and g are 

noncompatible. It can be verified that f and g satisfy the condition          d(fx, fy)  d(gx, gy) 

together with the condition d(fx, f
 2

x ) < max {d(gx, gfx), d(fx,gx), d(f
2
x, gfx), d(fx, gfx), 

d(gx, f
2
x). 
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