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ABSTRACT

Ever since the introduction of fuzzy sets by Zadeh [1], the fuzzyness invaded almost all the branches of
crisp mathematics. Deng [3] kaleva and Seikalla [2] and Kramosil and Michalek [5]Have introduced the
concept of fuzzy metric space, George and Veeramani [4] modified the concept of fuzzy metric space
introduced by kramosil and michalek [5]. In thia paper effort has been made to obtain some results on
fixed points of expansion type mapping in Intuitionistic fuzzy metric space

INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [1] . Following the concept of fuzzy
sets, fuzzy metric spaces have been introduced by Kramosil and Michalek [5], George
and Veeramani [4] modified the notion of fuzzy metric space with the help of continuous
t-norms.

As a generalization of fuzzy sets, Atanassov [21] introduced and studied the concept of
intuitionistic fuzzy sets. Using the idea of intuitionistic fuzzy sets Park [16] defined the
notion of intuitionistic fuzzy metric space with the help of continuous t norm and
continuous t conorm as a generalization of fuzzy metric space , George and Veeramani
[4] had showed that every metric induces an intuitionistic fuzzy metric and found a
necessary and sufficient condition for an intuitionistic fuzzy metric space to be complete.
Choudhary [22] introduced mutually contractive sequence of self maps and proved a
fixed point theorem . Kramosil and michalek [5] introduced the notion of Cauchy
sequences in an intuitionistic fuzzy metric space and proved the well known fixed point
theorem of Banach [10] . Turkoglu et al [20] gave the generalization of Jungek,s
common fixed point theorem [24] to intuitionistic fuzzy metric space.

PRELIMINARIES
Definition 2.1 [7] A binary operation =: [0,1] % [0,1] — [0,1] is called a continuous t-
norm if

( [0,1], # ) is an abelian topological monoid with the unit 1 such that a = b < c=d

whenever

38



KATHMANDU UNIVERSITY JOURNAL OF SCIENCE, ENGINEERING AND TECHNOLOGY
VOL. 7, No. |, SEPTEMBER, 2011, pp 38- 47

a=candb=dforall a. b,c.d € [0.1].
Examples of t-norms are @ * b = ab and a * b = min {a, b}
= Address of corresponding author

Definition 2.2 [7] A binary operation ¢: [0,1] % [0,1] — [0,1] is continuous t-conorm if ¢
is satisfying the following condition

2.2.1 & is commutative and associate

2.2.2 ¢ is continuous

223af0=aforalla € [0,1]
224adb=ciHdwhenevera =candb = dforall a,b,c,d € [0,1]

Definition 2.3 [4] the 3-tuple (X, M, #) is called a fuzzy metric space (FM-space) if X is
an arbitrary set = is a continuous t-norm and M is a fuzzy set in X* x [0, 2] satisfying
the following conditions for all =, v,z € X and t, 5 = 0.

2.3.1 M(x,v,0) =0

232M(x,v,t) =L Vt=0iffx=v

233 M(x, v, t) = M(v,x,t),

234 M(x,v,t) = M(v,z,5) S M(x,z,t +5)
2.35M(x, v, .):[0,=] = [0,1] is continuous.

Remark 2.1 since = is continuous, it follows from (2.3.4) that the limit of a sequence in
FM-space is uniquely determined

Definition 2.4 [16] A five —tuple (X, M, N, =, 0) is said to be an intuitionistic fuzzy metric
space if X is an arbitrary set = is a continuous t — norm, ¢ is a continuous t-conorm and M,
N are fuzzy sets on X* x (0,=0) satisfying the following conditions for all

v,z EX, 5t=0

241 M(x, v, t) +N(x, v, t) =1

242 M(x, v, t) =0
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243 M(x,v.t) = M(v,x,t)

244 M(x,v,t) *M(v,z,5) = M(x,z.t +5)
2.45 M(x,v,.):(0,2) = (0,1) is continuous
246 N(x,v.t) =0

247 N(x,v.t) =N(yv, xt)

248 N(x,v,t) 4 N(v,z,5) = N(x,z,t + =)
249 N(x,v,.):(0,2) — (0,1] is continuous

Then (M, N) is called an intuitionistic fuzzy metric on X, the function M {x, v, t) and
N{(x, v, t) denote the degree of nearness and the degree of non- nearness between x and y
with respect to t respectively

Remark 2.2 Every fuzzy metric space (X, M, #] is an intuitionistic fuzzy metric space
formX, M, 1 — M,=,4) such that t-norm = and t-conorm ¢ are associated ie
rdy=1—((1—=x)=(1—y)) forany x, v € [0,1] but the converse is not true

Example 2.1 (induced intuitionistic fuzzy metric space [16] )

Let (X,d) be a metric space denote @ = b =abanda ¢ b = min {1,a + b} for all
a, b £ [0,1] and let M, and N be fuzzy sets on X~ x (0,1) defined as follows

_l'l-"f[l', V. rj = erd iz
N(x,y,t) = =220 then

(X, M, N,={) is an intuitionistic fuzzy metric space. We call this intuitionistic fuzzy metric
induced by a metric d the standard intuitionistic fuzzy metric

Remark?2.3 note that the above example holds even with the t-norm a = b = min {a, b}
and the t-conorm

a { b = max {a. b}

Example 2.2 Let X = N definea*b =max{0,a+b—1}anda ¢ b = a +b —ab for
all a,b £ [0,1] and let M and N be fuzzy sets on X~ x (0,2c) as follows
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ey

Mx,v,t) = T'—

Sif yEx

forall x,v € X and t = Othen (X, M, N,=4) is an intuitionistic fuzzy metric space

Remark 2.4 Note that in above example, t-norm = and t- conorm ¢ are not associated, and

there exist no metric d on X satisfying M {x, v, t) =

yN(x, v t) =

[ o L'.'l_h.d. [ L'._'I_‘_

Where M (x, v, t) and N(x, v, t) are defined in above example, also note that the above

functions (M,N) is not an intuitionistic metric with the t-norm and t-conorm defined as
a*b =min {a, b} a { b = max {a, b}

Definition 2.5 [16] let (X, M, N,=,0) be an intuitionistic fuzzy metric space then

(@)A sequence {x,,} in X is said to be convergent x in X if for each = = 0 and each t = 0
there exists n, € N such that M(x,,x,t) = 1 —zand N(x,,x.t) < s forall n = n,

(b) An intuitionistic fuzzy metric space in which every caucy sequence is convergent is
said to be complete
Lemma 2.1 in intuitionistic fuzzy metric space X , M (x, v,.) is non decreasing and

N(zx,y,.)isnon increasing for all x, v € X

Lemma 2.2 let (X, M, N,=47 be an intuitionistic fuzzy metric space if there exist x € (0,1
such that M (x, v, kt) = M{x,v,t) and N(x, v, kt) = N{x, v, t) forall x, v € X then x = v
Proof: since M (x, v, kt) = M(x,v,t) and

N(x, v kt) = N(x,v,t) then we have

M(x,v.t) = M(x, v, :] and

N(x,v,t) = N(x,v, —j

By reapeted application of above inequality as we have

M(x,v,t) =M [1;_1.', i] =M [1‘, 1.,‘{;] =———-M ( X, v, ;,] - ——
And
N(x,v,t) =N [1‘, _v,i] N (1 v ,{;] L= == N [1‘, 1.,‘{;,] =———-

For n € N which tends to 1 and 0 as n — = respectively thus

_-'lrflij_'J ¥ r) =1and N(xJ W r:' =0 forall £ = 0 and we get r=v
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Lemma 2.3 let (X, M, N,=4) be an intuitionistic fuzzy metric space if there exists a
number & £ (0,1) such that

M(Vpin Vpe1s G8) 2 M(Vpag, V) (1)

N(Vps2 Vp21,qt) = N(¥peq,¥,,1) forallt =0

Andn = 1,2 — — — — then {v,} is a Cauchy sequence in X

Proof: fort = 0Oand k € (0,1) we have

M ¥y y3, kt) = M(yy, ¥2,t) Z M (Yo, ¥u, i) or

M(v,, vs.t) = M(vy. vy, ,{;:' and

N(va, vg, kt) = N(vy, vo. t) = N(w,, _u'ijij or

N(¥y ¥y, 1) < N(vp ¥y i;j

by simple induction with the condition (1) we have forall t = 0andn = 0,1,2,— — — —
M(¥yi1s Ve t) = M(vy, v, ﬂ:;,j

N(Vnsts Vs2rt) S Ny ¥, 75) 2)
thus by (2) and (2.4.5) and (2.4.8) for any positive integer p and real number t = 0, we
have

.

M [1.“, Vntp: r} =M (_1.'_“_, _u'_,!_i,i] % e p times .....x M(y, v

spetr Viam)
poliinspty,

_.".,.’|::_1.'_“_, Voen, 1‘} =N (},w},n_iji] 1 S, P times .......40 .'"-.f(_k'_v!—p—ij_‘»'ﬂ—ng
which— 1 and — 0 as n — = respectively thus Ii’fﬂn—rx""f[-"'ﬂ’-""‘?’ r} = 1and
E!mn—;x-ﬁ"r [:.1;_111.1*'?!—.‘—1‘ I‘} =0

Which implies that {v, } is a Cauchy sequence in X this completes the proof

RESULTS
Theorem 3.1 let (X, M, N,#,0) be a complete IFM-space and f be a self map of X, onto

itself there exist a constant & = 1 such that

M(f. f kt) = M(x,v,t) and

N(fe £y kt) = N(x, ¥, 1) (1)

forall x,v € X and t = 0. Then f has a unique fixed point in X

Proof: let x, € X as f is onto, there is an element x, € f "x,. In the same way

x, € flx _, Foralln =23,4... .....thus we get a sequence {x,}, ifx,, = =, _, for
some m then x, is a fixed point of f now suppose

x,=x, foralln=12...... then it follows from (1) that
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'er(n_“,g_ oy kt) = "lrf(f; k t) = M{x,.q,%,.,,t) and

N(x, xpey k) = N(fe . fo
N=012... therefore by lemma 2.3 {x,,} is a Cauchy sequence in X since X is complete
{x_} has limit u € X as f is onto there is an element v € X such that v € f ~*u. Now
M(x,,u kt) = M(f, . f.kt) £M(x,.,, vt)and

N(x,ukt)=N (f'm»_’ﬁ--" kt) = N(x,.q,0.t)

which as n — = gives M(u, v,t) = 1 and N{w,v.t) = 0forall t = 0, therefore by (IFM
2.4.2) it follows that u = v yielding thereby fu = u and so u is the fixed point of f. letu
and v be the two fixed points of f ie fu = u and fv = v then (1) yields

M{w, v, kt) = M{fu, fv,t) < M(u,v,t) and

N{w, v, kt) = N(fu,fv,t) = N(w,v,t) forall t = 0hence in view of lemma 2.2 we
obtain u = v which shows the uniqueness of u as a fixed point of f this completes the proof
theorem 3.2 let (X, M, N,= {) be a complete IFM- space with t = ¢ = t and
(1—1t)0(1—1t) = (1—t)forall t € [0,1] and f be mapping from X onto itself there exist
a number k& = 1 such that

M(£,. £, kt) < M(x,v, 1) = M(x.f,,t) = M(y, fy.t) (1) and

N(fer £y kt) =2 N(x, 3, 8) O N(x, £, ) ON(Y. fy. t)

forall x, v € X and t = 0 then f has a unique fixed point in X

m‘] = N(x,.q.%,.,.t) forall t = 0and for all

Proof : a sequence {x, } is developed similarly as in theorem 3.1, if x,,_, = x, for some
m, f has a fixed point x,,, , suppose x,_, = x, for every positive integer n then from (1)
M(x, %00, k8) = M(f,_fo kD)

£ M(%pe1s Xpegr ) * M(xpag, £ t) * M(xpa 1)

= M(x,5q, %o t) = M(x_.q,%,, t) * M, 10, %01, t) and

(% X g, k) = N(feper Fepuar KE)

= N (%par Xpan ) O N(pan £, o t) O NGipag £ 1)

= N(%pe1,¥q2001) O N(x,0 0%, t:' O N(¥p20,¥ n—1Jt)

vielding thereby

Mo, 0 kt) = M{x,,x,.4,t) = M(x_.,,%,.,t) and

N(xp xpeg, kt) = N2 %00, 1) O N (%500, %004, 1) )
10W SUPPOSe

M(%, 2y, %pest) < M{x,,x ., t) and

N(%,2q, 00, t) = N(x,,x, 04, t)

—
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For all £ = 0 then in view of lemma 2.3 {x,,} is a Cauchy sequence in X which is complete
therefore there exists some w € X such that x,, — 1w since f is onto there is an element

v € fu now

M(x,,u, kt) = M(f, . f. kt)

= M(x,.q, v )= M(x,.q,%,,t) = M(v,u,t) and

N(x,u kt) = N(f, . .f. kt)

=EN(x, v ) ON(x,0q, %, 8) O N (v, u,t)

Which as letting n — o2 gives M {w, v, t) =1 forall t = 0

Therefore by (IFM 2.4.2) it is noting that « = v and sofu = u ie u is a fixed point of f the

uniqueness of u can be shown easily from (1) hence the theorem proved
Theorem 3.3 let (X, M, N,=,{) be a complete IFM- space with t = t = t and

(1—1t)0(1—1t) =(1—t)forall t € [0,1] and f,g be two self maps of X onto itself if
there exist a number & = 1 such that

M(f,, g, kt) = M(x,y,t) = M(x,f,,t) = M(y,g,,t) and

N[:f_.{, g, lct} =Nixy.t) 0 N(xf.t) § N(v, g t) (1)

forall x € X and t = 0 then f has a uniqgue common fixed point in X

proof: choose an element x, £ X as f is onto there is an element x, € f "*x, since g is

1x, thus in general a sequence {x, ] is

onto there exist an element x, satisfying x, € g~
defined as 4,24 € f 1%y, Xopan E g x4y, foralln =0,1,2, .. v e, now we have
two cases as follows
case (1) when x,, = x,. ., forallm = 0,12 .. .. in this case it follows from (1) that
M(%3p Xoper k) = M(fe 0. Kt)
= M(p0q, Xop a0, t) # M(Xop 00,35, 1) # M(%0p 00, %0,00, )
S M(xpp0q, %020, 1) * M(%5,, %5, 24, 1) and
N(%pne1Xone0 ) =N 1 0. oKE) )
2 N(gn41,¥0n22: ) O N(¥p0 1, %05, 8) O N(Xp50y, %5005, 1)
= N(%pq01: X052, ) O N(p0, %5509, 1)
Suppose
M35, 0q, Xapeakt) < M(x,,, %, .4, t)and
N(%pps1: XgpenKE) = N(x5,, %5544, 1)
then from (2) we obtain
M (20, Xapeq, k) = M{x,,, %5, .4, t) and
N(% 0y Xpps1s KE) = N2, X5p29,1)

Which in view of lemma( 2.2) implies x.,, = x,,.., which is a contradiction therefore
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Let M{3xts,2 4, Xon 20, t) 2 M(x5,, 4,24, t) and

N(%3041:Xgns2: 1) Z N(X g Xg044.1)
Then (2) yields

M (%5, % opeq, KE) = M(x5,04.%5, .45, 1) and

N(xs,, Xopeq, kt) = Nty 0, %o 20, T)

forall ¢ = 0 similarly it can be shown that

M, 0q, Xapankt) = M(x5, .0, %5, .4, 1) and

N(%zpe1:Xons2Kt) = N(Xgp400 X0 590 1)

forall ¢ = 0, thus in general we obtain

Mo, x, ., kt) = M(x,.,,%,.,,t)and

N2 Xpaq, KE) Z N (%09, Xpag T)

forallt = 0andn =0,1,2...... hence in view of lemma (2.3) {x,,} is a Cauchy sequence
in X which is complete therefore {x,} has a limit point in x since {x,} and {x,,.,} are
subsequence of {x,}x,, — uand x,,.; = wasn — = as f and g are onto there exist
v,w € X satisfying v € f "'u and w € £~ u now

M (%, w kt) = M(f,_ . gw kt)

E M2y, Wi t) = M2, 09, %5, 1) = M(w, gw, t)

And

N(xp, u kt) = N(f,___.gw, kt)

= N(xge W, t) O N(xg, .0, %0, 1) O N(w, gw, t)

Which as n — oo gives M (1w, w,t) = 1, N(u,w,t) = 0 forall t = 0then by (IFM 2.4.2) it
follows that iz = w in the similar pattern taking x = v and v = x,,, ., in (1) and therefore
proceeding as above we obtain . = v therefore u = v = w which immediately implies
fu = gu=wuandsouisacommon fixed point of f and g now let u and v be two common
fixed pointof fand g i.e fu = gu and fv = gv = v then

Mw, v, kt) = M(fu, fv, kt)

= M(u, v, t) = M(u, fu. t) = M(v,.gv, t)

=M(u,v.t)*1=1=M(uwvt)and

N(u, v kt) = N(fu fv kt)

=N(uv,t) O N(u, fu,t)  N(u, fu,t)

=N(uwv,t) 0000 =N(uwv1t)

Forall t = 0 further by application of lemma (2.2) we obtain u = v

Case Il : when x,,_, = x,, for some m here m may be even or odd, positive integer
without loss of generality suppose m is an integer say m = 2p then x,,_; = x,, i.e
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G, = fe__. Whichimplies x,, = x,,., (aswe have fx = fy if x = y) therefore we

have x, _; = x,, = x,,.4 = -~ Which shows that {x_} is convergent sequence and so

Cauchy sequence in X the rest of the proof is similar to as in case (1) and this complete the
proof
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