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ABSTRACT

The present paper deals with approximation of a function belonging to the Lip (a, p) class by product
summability method. Here product of Euler (E,1) summability method and Norlund (N, p,) method has
been taken. A new estimate on degree of approximation of a function f belonging to Lip (a, p) class has
been determined by (E,1) (N, p,) summability of a Fourier series.
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Definition

Let f be 2n-periodic function in L*(-x, ). The Fourier series associated with f at a point
X is given by

f(x):%ao+2(an cos nx + b, sin nx). (1)
n=1
Where
1 ™
a, =— I f(t) cosntdt
T
’: forn=1,2,3, ...,
b, _1 [ £(t) sinntdt
T -
and

a, zijf(t)dt.
TE*TC

The LP norm is defined by
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2n

||f||p={f|f<x>|"dx}”,p21. @

and the degree of approximation E, (f) is given by (Zygmund [12])
E, (F) =min|f () -T,(x)],. @)

in term of n, where T,(x) is a trigonometric polynomial of degree n.

A function f € Lipa if
F(x+t)—F (| =0(|t|*) for 0 < o <1 @)
and f(x)eLip (o, p)for0<x < 2m, if

2n
[I |f(x+t)—f(x)|pdxjp =o(|t|°°), 0<a<l, p>1 (McFadden [7]). (5)
0

If p — oo, Lip (a, p) class coincides with the Lip a class.

0 n
Let Zun be an infinite series with sequence of n ™" partial sum s, = Zuk and a
n=0 k=0

sequence {pn} of real constant such that P, :Zpk #0, P, =p, =0.
k=0

The Noérlund means of the sequence {s,} is given by (Hardy [4])

1 n
trr:l =P_ kZ;, Pn Sk- (6)

If t' —s as n — oo, then the sequence {s,} is summable to s by Norlund method.
The Euler means (E,1) is given by (Hardy [4])
1 &(n
E®W = — Sy 7
n 2n é(k] k ( )
If E® s as n— oo, then the sequence {s,} is summable to s by Euler method.

The (E,1) transform of the (N, p,) transform define the (E,1)(N, p,) transform of the

partial sum {s,}of seriesZun . The (E,1)(N, pn) means defines a sequence {t-"} by

n=0

1 (N 1 &(n)1 &
D LEEED Y W W ®

k=0 k=0 k r=0
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If t™ —s as n — oo, then the sequence {sy} is said to summable by (E,1)(N, p)
method to s.
Particular cases
Two particular cases of (E,1)(N, p,) means are:
(i) (EL)(Cl) if p,=1¥n.
(i) (E1)C,5) if p, =(n +§ _ﬂ 18>0,

Notations

We use the following notations.
o) =fF (x+t)+f (x—t)—2f (x)

1 & (n) 1 sin (r+ 1)t
(EN)n(t)—leTE > (k)P_kgpk—r —

e sin §

INTRODUCTION

The result of Quade [9] has been generalized by several researchers like Chandra [1],
Khan [5], Mohapatra & Russell [8], Sahney & Rao [10]; but most of their theorems are
not satisfied for o = 1, p>1. Therefore, this deficiency has provoked to investigate
degree of approximation of functions belonging to Lip (a, p) considering cases 0< o<1

and o = 1 separately. Some interesting results on Lip (a, p) class have been given by
Chandra [2], Leindler [6] and Dhakal [3] by Norlund and matrix method. Here better and
sharper estimate of f e Lip (o, p)than all previously known results in this direction has

been determined as following:

Theorem. If f:R — R s 2r-periodic, Lebesgue integrable on [-rt, 7] and Lip(a, p) class
function for % <a <1, p=>1, then the degree of approximation of f by (E, 1)(N, p,) means
of its Fourier series (1) is given by

ORI 0[;J ©)
(n+1)

n n k
where t™ :Zin (kJ Pi > Py S, is (E, 1)(N, pn) means of Fourier series (1).
k=0 k r=0

Lemmas

Following lemmas are needed for the proof of our theorem.
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n 1 & sin (r+23)t
L 1. If (EN), (t) = 5 T W
emma ( )n( ) 2n+ch — ( J P ; k—r Sln% en
(EN),(t)=0O(n+1) for0<t<——
n+1
1 o (n) 1 & sin (r+ 1)t
Proof: |(EN) (1) =|l—— . T
roo |( )n( )| 2n+1 T ; (kJ Pk ;pk—r Sln%
lsin (r+ )

1 no(n) 1 & i
<o 2 )P 2P

1 & (1

- n+l
AR | A, k Pk =0

1 & (n (2k+1)z":
pk—r

— An+l
2 T k=0 k Pk =0

1 (N

= (2k+1) ) pn7 :Pn
2" n k=0 ; “
_2"(n+1)

2n+ch
=0(n+1).

Lemma 2. If (EN), (t) is given as in lemma 1, then

(EN). (1) = 0(1] for—* <t<m
t n+1

N 1 & sin (r+ 1)t
Proof: EN) (t = B 2
(EN), () = 2“*17c kzz;‘ [kj P, ;pk sin{
1 non) 1 sin (r+1)t
= n+1 _Zpkf| ( t2)|
2" & \k) P, S |sin 4
1 non) 1o
= 2n+lt ~ (kj P_k ;pk*l’
— 1 \ n
- on+l ¢ ~ k

k
> (2r+1) p,, esin(r+1)t<

(10)

{2r+1sint

(11)
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Proof of the Theorem

Following Titchmarsh [11], the n™ partial sum s,(x) of the Fourier series is given by

5100 =00 = j«b()s'”( t)tdt.

The (N, pn) transform of the sequence {s,(x)} is given by
£ (x) - f(x)_— j ¢(t)z sinfn+3)t

sini ;1

The (E, 1) transform of {tﬁ‘ (x)} is given by

N (x)—F(x) = I<|>(t)2n+l Z”: (”jpizk: Mdt

v sin %

=[9(t) (EN), (1) dit
0

- j¢(t)(EN) (t) dt + j ¢(t) (EN), (t) dt

= 1; + 1y, say. (12)
Applying Holder’s inequality, lemma 1 and fact that ¢(t) e Lip(a., p) , we have

e e 1

1 a
-0 j t(eDa dt}

0

1

te-Das e
=01\ emen , Where 0 <g <1,
€

=O%
(n+1) ¢
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=0 ;1 , (13)
[(n +1)°‘p]

where q is the conjugate index of p.

Using Holder’s inequality and lemma 2, we have

||2|s“ [w] dt [

{|(EN) ()] }
_ t T
ﬁ (e Jal o [

t,gp n 5 t(b+u 1ag+1
=0 O
(—Sp jl ((8+0L 1)q+1

—

s

n+

(5+0( l)q dt

e

=0| ——~ (14)
(n +1)“PJ

where & is an arbitrary number such that g(1-6)-1 > 0.

Combining the conditions (12) — (14), we have

ta (x) = ()| =o[;1}.
(n+1)"

L0109 { [ Foo-t=eof dx}p
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2n 1 P
! [(n +1)° }

(+1)"

—o|—+ | (15)

(n+1)""

This completes proof of the theorem.

Corollary

Following corollary can be derived from the main theorem:

The degree of approximation of a function f € Lip o by (E, 1)(N, p,) means is given by

() ~F ()] = sup [t~ ()= 0] — |, for 0< <1
© —n<X<T{ (n +1)

n n k
where, t=" =in Z(k} Pi > Pu s, isthe (E,1) (N, py) means of Fourier series (1).
k r=0

k=0
REMARKS: An independent proof of corollary can be derived along the same line as the

theorem.
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