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ABSTRACT

An uncertainty principle due to Hardy for Fourier transform pairs on ‘R says that if the
function f is “very rapidly decreasing”, then the Fourier transform can not also be
“very rapidly decreasing” unless f is identically zero. In this paper we state and prove
an analogue of Hardy’s theorem for low dimensional nilpotent Lie groups Ga.
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1. INTRODUCTION
It is a well-known simple fact that if a function f on R is compactly supported then its

fourier transform ;‘\ cannot also be compactly supported, unless f = 0. More generally,
we have the following principle in classical Fourier analysis. If the function f is “very
rapidly decreasing” then the Fourier transform can not also be “very rapidly
decreasing” unless f is identically zero. The following result of Hardy makes the
rather vague statement above precise.

Let g be an n-dimensional real Nilpotent Lie algebra and G = exp g be the associated
connected and simply connected Nilpotent Lie group. Let {xi, ... X,} be a strong
Malcev basis of g through the ascending central series of g. In particular, RX; is
contained in the centre of g. We introduce a norm function on G by setting for

X=exp (X1 X1+ ...+ X Xp) € G, X € R
The composed map

R" > g G, (X, ..., Xn) = ixixj
i

is a diffeomophism and maps Lebesgue measure on R" to Haar measure on G. In this
manner, we shall always identify g and sometimes G; as sets with R". The measurable
(integrable) functions on G can be viewed as such functions on R".

Let g denote the vector space dual of g and {Xl Xn} the basis of g~ which is dual
to {Xy, ..., Xp}. Then {X1 Xn} is Jordon Holder basis for the coadjoint action of G

on g". We shall identify g~ with R" via the map & = (&, ..., &) — igjx].‘ and ong'.
2

We introduce the Eucledian norm relative to the basis {X1 o X, } that is
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For an operator T in a Hilbert space such that T*T is a trace class. |[T||us will denote
the Hilbert Schmidt norm of T.

2. THREAD LIKE NILPOTENT LIE GROUPS

For n > 3, let g, be the n-dimensional real Nilpotent Lie algebra with basis Xy, ..., X;
and non trivial lie brackets [X1, Xn.1] = Xn-2, ..., [X1, X2] = X1.

gn is a (n - 1) step Nilpotent and is a product of RX, and the abelian ideal nf*RXj.
j=1

Note that gs is the Heisenber Lie algebra. Let G, = exp (gn).

For ¢ = ”z'lglx’j‘ € g, , the coadjoint action of G, is given by
=1

* n-1 N
Ad (exp (tXn) & = _le,- (&)X,
iz
where for i <jn-1, P; (€, t) is the polynomial in t defined by
j-1
PG H= 2/ KD(-2) ",

The orbit of & is generic with respect to the basis {X1 Xn} is and only if & # 0,
and the jumping indices are 2 to n. The cross section X, for the set of generic orbit is

given by, X, ={&=(&,0, &, ..., &1, 0): & € R, & # 0}

For & € g,, let m: denote the irreducible representation of G, absociated with &. Then
the mapping & — m: is bijection of X: and the set of all generic irredicible
representation. Plancherel measure on G, is supported by these m:. Denoting by F the

fourier transform on R™, it follows that the Hilbert Schmidt norm of the operator.
e (F), € L' n L2 (Gy) is given by

e ()], = JFHPLE D, - Pos (6 ), t- 5} ds
Theorem 2.1 (Hardy) Suppose f is measurable function on R such that
(L.1) f|<Ce ™ fE<Ce®, xEecR
where o,  and C are positive constant. If off > % thenf=0 a.e.
If of < % there are infinitely many linearly independent functions satisfying (1.1), if
of = % then f(x) = C e‘“"z. More precisely, let the fourier transform be defined by
f(y) =1 f(x) exp (-2mixy) dx, yeR

R

For a proof the above theorem see [6], theorem 3.2 Hardy’s theorem is also valid in
R" (see [10] for a proof). A generalization of Hardy’s theorem due to cowling and
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. . . 1
price asserts that if a, b are non-negative constants such that ab > 2 then the only

f e S' satisfying ||eaX2 fllo + ||eby2 /f\||q < oo for 1 < p, g < oo with at least one of them

finite is f = 0. On the other hand, if ab < % there are infinitely many f € S satisfying

||eaX2 fllp + ||eby2 ?||q < oo (see [2]). Another theorem of this kind is due to A Beurling
which says that if f € L* (R) is such that

J' J' [f ()| f (y)| e dx dy < o then f = 0 a.e. one can see that Hardy’s theorem can
®2

be deduced from this more general theorem of Beurling. This class of results can also
be viewed as some sort of uncertainty principle. For an elaboration of this point of
view see [10] and the bibliographies in this paper.

2.2 Definition (Lie Groups)

Let G be a topological group. Suppose there is an analytic structure on the set G,
compatible with its topology, which converts it into an analytic manifold and for
which the maps

(X, y) > xy X,yeG
X —> X1 xeG

of G x G into G is and of G into G, respectively, are both analytic. Then, G together
with this analytic structure, is called a Lie group.

Example: R™, the additive group of m-tuples of real numbers is a real analytic group.
C™, the additive group of m-tuples of complex numbers, is a complex analytic group.

2.3 Nilpotent Lie Algebras: Let g be a Liealgebra over R. We say that g is a
nilpotent Lie algebra if there is an integer n such that g™ = (0). If g™ = (0) as well,
so that n is minimal, then g is said to be n-step nilpotent.

2.4 Nilpotent Lie Groups: A nilpotent Lie group G is one whose Lie algebra g is
nilpotent.

G4 is a group of higher dimension whose underlying set is )*. The multiplication and
inverse of elements of G, is defined by,

1
(X1, ooy Xa) (Y1, .., Ya) = Xe+Y1+XaYot = X5 Y3, Xo+Yo+XaYs, Xa+Ys, XatYas)
2

and  (Xq, ., Xa) " = (Xa+XoXa — % X X2, “Xo+XaXa, X3, ~Xa)

Theorem 2.5  Letf e L' (G4) N L? (Gy) satisfies the following (o)

J' ePar [IXI* | f(x)P dx < oo

Gs
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) [ eOE T | my o BN ey, ds <o

o2
If p < oo then

(i) forg>2andab>1, wehavef=0ae.

(i) forl<g<2andab>2 wehavef=0ae.

Proof: The proof is a reduction to the case p = co.
[I(Uz, Uz, U3, Us)™ (X1, X2, Xa, Xa)||

1
||(-u1, Uz - 5 UsUg?, -Uz + Uslg, - Us, - Ug) (X1, X2, X3, X4)|

v

Us (X3 = U3), 0, 0)]

= (U, Uz Ug, Ug) = (X1, X2, X3, Xa)

1
Foru e {u: ||ul| Sﬁ} and x € Gq4 s.t. ||x|| > 1, we have

_ 1 1
™ X1 > X1 = 2 = Ul (1%l + Juzl) = (usl + IXal) Jual ~ /7 ue® + 1

> = Dol Qb+ lul) = Qlull+ ) Dl 2 + 5 Jue)
> l - +_ _+ - :|_+i
> ||x||-m-m(||x|| poy B e 1) B
1 1 1
= M- 5o - M (4 2+ )
1 2
= K- X G2 m)
1 2 1 2 1 .
> K-y ) (since [ > 1)
3 5 1
= K@ )

1
[|(%1 = U1 = Ua(xz- U2) -5 Us” (Us = Xa), X2 — Uz — Ug (Xs — Us), X3 — Us, X4 — Us))

(%1, X2, X3, Xa)l| - [I(us, U2, U3, Ua)]| - li(ua (x2 - u2), 0, 0, O)| - II(% Us” (Us = Xa),

1
(%1, X2, X3, Xa)ll - [I(U1, U2, U3, Ua)l| - |ua] [X2 — Uz - |ua = Xa Jual "\ [ 5 us’ +1

1. 1
[I(%1 - Us + Uz Us - 5 Uslis”™ — UsXa + 5 Us” X3, Xz — Uz + Uslla — UsX3, X3- U3, X4 — Ug)|

Let g be a continuous function with compact support with supp g < {u = (u1, U, Us,

1
u) : full <53

3 5
Let X = (X1, X2, X3, Xa) € Gabe s.t. ||x|| > 1. Then |ju™ x|| > [Ix]| (1 - moome"
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forall u e supp g.
Denote e, (x) = e IIxI?

by (a)ea If] € L” (Ga) 50 [g] * €a [f| € L™ (Ga)

Let C = |g| *€af| || and let ||x|| > 1,

C  >lglealfll )

=[]g] (u) ea Ifl (U™ x) du

[19] (u) ea (u™ x) [fl Ju™ x) du

Pl ) e X o du

[lgf (u) % IIXI° (@ = 3/m=5/m" — 1/210°) g1 111 )

In v

Ca(1 - 3/m - 5/m? — 1/2 mi)? 191 * [Tl (x)
Hence for x € G4 with ||x|| > 1
lg * f ()| < |g| * |f| (x) < C gL ~3/m- 5/m” - 1/2 m*)? ||x]||*

Since g * f is continuous (or {x: ||x|| < 1} is a compact set)
We have,
lg * f(x)] < const (L = 3/m =5/ - 172 )’ X

forall x € G4

Also
lImey, &5 (9 * Dllbs < lImey, g5 (Dllop [I7ey, 24 Pllns
(Il llop is the operator norm)
< Il flmey, &5 (Dllus

b 2 2 a
So J' P (&7 + & )Iill ey, e (9 * f||HS de; dég

R2
q 2 2 q
b
<lgll, [ e ey e, (D) de des
9%2

< o
Choosing m sufficiently large so that

ab (1-3/m-5/m?-12m?>1 (or>2)
We have,

g = f = 0 ae by the previous case. Choosing g to be approximate identity we get
f=0ae.

Theorem 2.6 Let f: G, — C be measurable and
(@)  [f(X1, X2, X3, Xa)| < C g(X2, X3, Xa) e~ amxf”

(b) llme, e, (s < C e (50" + 150
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where a,b, C>0,g e L' (%) L (%), pzl%*%ﬂ
If (ap)“? (bg)" > 2 then f = 0 a.e.

Proof: Let V be as in earlier pages then
V(x| < I [f (Y1, X2, X3, Xa)| [f(Y1 — X1, X2, X3, X4)| A%z dX3 dX dy;

N
< C J' (g (X2, X3, X4))2 e—an()ﬁp + (Y1 —X%1)")

N
< Clglp [ e OO gy,

R
v+ (y1 = x2)P = (Y1) + ((y2 — x0)H)™

_ fora,b>0

> 2Pyl () e e >27" (a+b)°

1-pi2 1 2 2 pi2
= 2 E [(2y1 - Xl) + X1 ]
= 21—p [X12 + (2)/1 _ Xl)Z]DIZ > 21—p [lepl + |2yl _ lel]
1-p p p
Hence, [V(xy)| < C [lglly e @7 2 Pal” [ gmam2yi=xiF gy,
9{

o olp D
< const e an 277 [x4|

A 2
V@I =1& | lney e O d &

<l | DI g,

R

—2bn q
< const. |&;] e S
Choose b' < b s.t. (ap)** (b' g)*"* > 2, we have

/\ 1
IV (£1)| < const 2 ™l

(a 21-p p)l/p (2b| q)l/q — (ap)l/p (buq)l/q 2(l—p)/p +1/q >92
SoV=0a.e Hencef=0a.e.
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